LOCAL GAUGE CONDITIONS FOR ELLIPTICITY IN
CONFORMAL GEOMETRY

TONY LIIMATAINEN AND MIKKO SALO

ABSTRACT. In this article we introduce local gauge conditions under
which many curvature tensors appearing in conformal geometry, such
as the Weyl, Cotton, Bach, and Fefferman-Graham obstruction tensors,
become elliptic operators. The gauge conditions amount to fixing an
n-harmonic coordinate system and normalizing the determinant of the
metric. We also give corresponding elliptic regularity results and char-
acterizations of local conformal flatness in low regularity settings.

1. INTRODUCTION

In Riemannian geometry, various regularity results for curvature tensors
may be obtained via harmonic coordinate systems. We recall the basic idea
following [7], [10], [26].

Let (M, g) be an n-dimensional Riemannian manifold, and let (z*, ..., 2")
be a local coordinate system. The Ricci tensor of g has the expression

1 1
Ry = _iAgab + 5(8CLI‘1, + 0pI's) + lower order terms,

where A is the Laplace-Beltrami operator, I'* = g“bféb, and I'; = g, "%
One also has
= —Azl.

If the coordinate system is harmonic, in the sense that Az! = 0 for all I, then
the Ricci tensor becomes an elliptic operator. Thus by elliptic regularity, if
the Ricci tensor is smooth in harmonic coordinates, then also the metric is
smooth in these coordinates. In particular, if the Riemann curvature tensor
of a low regularity metric vanishes, this implies that the metric is smooth
in harmonic coordinates and thus locally flat by classical arguments.

The Ricci tensor is of course invariant under diffeomorphisms, and these
diffeomorphisms correspond to different gauges for the equation Ric(g) = h.
The choice of harmonic coordinates may be viewed as a local gauge condition
that results in an elliptic equation. In this article we give similar local
gauge conditions for the ellipticity of conformal curvature tensors, based on
systems of n-harmonic coordinates. We say that a function u in (M, g) is
p-harmonic (1 < p < c0) if

§(|dulP~2du) = 0.

Here |- | is the g-norm and 0 is the codifferential. A local coordinate system
is called p-harmonic if each coordinate function is p-harmonic (the case p = 2
of course corresponds to the usual harmonic coordinates).
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In the earlier article [21], we established the existence of p-harmonic coor-
dinate systems for 1 < p < oco on any Riemannian manifold with C", r > 1,
metric tensor. In conformal geometry, the case p = n is special since the
class of n-harmonic functions is preserved under conformal transformations.
This fact was used in [21] to study the regularity of such maps: if one fixes
n-harmonic coordinate systems both in the domain and target manifold, the
components of a conformal mapping will solve an elliptic equation. Thus n-
harmonic coordinates may be considered as a gauge condition for ellipticity
in the regularity problem for conformal transformations. In any n-harmonic
coordinate system, the following n-harmonic gauge condition is valid [21]:

kr ka kb
k=" 5 29 zkkg O Gab- (1.1)

We now recall the definition of conformal curvature tensors. If (M, g)
is an n-dimensional Riemannian manifold, write Rgpeq, Rap, and R for the
Riemann curvature tensor, Ricci tensor, and scalar curvature, respectively.
The Schouten tensor is defined as

1 R
Py = m <Rab - 2(n_1)gab> .

The Weyl tensor of (M, g) is the 4-tensor

Wabed = Raved + Pacgvd — PocYad + Poa9ac — PadGves

the Cotton tensor is the 3-tensor
Cabe = VaPoe — Vi Pac,
and the Bach tensor is the 2-tensor
Bay = V*V' Ware + %Rklwakbk
We also consider the Fefferman-Graham obstruction tensor

1
Oup = 73A"/2*2VleWakbl + lower order terms,
7 —

where A = V'V, and n > 4 is even. If n = 4 then Oy, = B,,. These tensors
have the following behavior under conformal scaling in various dimensions:
W(cg) = cW (g) for n > 4, C(cg) = C(g) for n = 3, and O(cg) = c_nT_Q(’)(g)
for n > 4 even. See [1], [4], [7], [9], [12], [13], [27] for additional information
on these tensors.

If T is one of the above tensors, the next result shows that the equation
T(g) = h becomes elliptic under two natural local gauge conditions: one
writes both sides of the equation in n-harmonic coordinates and considers
the conformally normalized metric g;; = ]g\_l/ "g;r with determinant one.
Here |g| = det (g;x), and we use that n-harmonic coordinates for g are also
n-harmonic coordinates for the conformal metric g.

Theorem 1.1. Let (M, g) be a smooth n-dimensional Riemannian manifold.
The Weyl, Cotton, Bach, and Fefferman-Graham obstruction tensors are
elliptic operators in n-harmonic coordinates, in the sense that after applying
both the n-harmonic gauge condition (1.1) and the condition |§| = 1, the
linearizations of the resulting operators at ¢ are elliptic.
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After interpreting the conformal curvature tensors of low regularity met-
rics in a suitable sense, elliptic regularity results will follow readily. The
regularity conditions will be given in terms of tensors W, Cd, Capes |9 En Ouw
which are invariant in conformal scaling g — cg. We use the notation C;

for the Zygmund spaces [25].

Theorem 1.2. Let M be a smooth n-dimensional manifold, and let g € C7
in some system of local coordinates.

(a) fn>4,r>1,and W, % € C¢ for some s > r — 2 in n-harmonic
coordinates, then |g|~'/"g;; € C572 in these coordinates.
(b) If n =3, r > 2, and Cyp € C; for some s > r — 3 in n-harmonic
coordinates, then |g|~'/"g;; € C53 in these coordinates.
n—2
(c) Ifn > 4iseven, r > n—1,and |g| 2» Oy € C{ for some s > r—n in n-
harmonic coordinates, then |g|~!/ "gi € C£T in these coordinates.

Combining the previous theorem with classical results for C* metrics, one
obtains conditions for local conformal flatness of low regularity metrics via
the vanishing of Weyl and Cotton tensors.

Theorem 1.3. Let M be a smooth n-dimensional manifold, and let g € C7
in some system of local coordinates defined near p € M.
(a) If n > 4, » > 1, and if Wypeq = 0 near p, then gj, = cdj; for some
positive function ¢ € C} in some n-harmonic coordinates near p.
(b) If n =3, r > 2, and if Cyc = 0 near p, then g;, = cdj; for some
positive function ¢ € C in some n-harmonic coordinates near p.
(c) If n >4 is even, r > n — 1, and if Oy, = 0 near p, then |g|~/"gjy, is
C® in any system of n-harmonic coordinates near p.

There are a number of results in conformal geometry that employ various
gauges to obtain elliptic or parabolic regularity and existence results. The
works [1], [2], [16], [27] involve constant scalar curvature gauges, sometimes
obtained via the solution of the Yamabe problem [20], and study asymptot-
ically locally Euclidean manifolds with obstruction flat metrics or boundary
regularity of conformally compact Einstein metrics. In [6] a version of the
DeTurck trick is used to show that certain analogues of the Ricci flow, includ-
ing a modified flow involving the obstruction tensor, are locally well posed.
In [14], [15] quadratic curvature functionals are studied with an emphasis
on the structure of the space of their critical metrics. In these papers the
corresponding Euler-Lagrange equations become elliptic via suitable gauge
conditions.

Let us describe an argument from [2], [16], [27] for Bach flat metrics with
n = 4. Choosing a conformal metric with constant scalar curvature, the
equation of Bach flatness for the conformally scaled metric reads

A Vi Rap + lower order terms = 0.

This becomes a fourth order elliptic equation in harmonic coordinates for
the conformally scaled metric. This fact could be used to give another proof
of an analogue of Theorem 1.2, if a solution to the (local) Yamabe problem
for sufficiently low regularity metrics is provided.
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We thus have two possible sets of gauge conditions for ellipticity of con-
formal curvature tensors: (n-harmonic coordinates + determinant one) and
(constant scalar curvature + harmonic coordinates). Let us compare these
briefly. The first approach works for C1® metrics with a > 0 and relies on
an n-harmonic coordinate system. In [21] such coordinates (u!,...,u") near
p were constructed by choosing some smooth coordinates (x!,...,2") near
p and then solving for each j the Dirichlet problem

(5(]duj\"_2duj) =01in B(p,¢), uj’('?B(p,a) =27,

An easy variational argument shows that this problem has a unique solution.
The point is to show that (u!,...,u") is a C! diffeomorphism if € is small
enough, and this relies on standard regularity theory for quasilinear equa-
tions (essentially the fact that any p-harmonic function is C1'® regular).
Given n-harmonic coordinates, the conformal normalization (determinant
one) is trivial.

The second approach based on a constant scalar curvature gauge requires
solving the Yamabe problem (a semilinear equation with a constraint) at
least in a small neighborhood; the global Yamabe problem is solvable for C'1!
metrics (see [8, Section VIL.7]), and we refer to [11], [17], [22] for versions of
the local problem. The recent paper [17] deals with WP p > n, metrics.
Given a conformal metric with constant scalar curvature, the other gauge
condition involves a standard harmonic coordinate system.

A possible benefit of the n-harmonic coordinate approach is the similarity
to harmonic coordinates in Riemannian geometry. In fact, it appears that
n-harmonic coordinates are a natural generalization of harmonic coordinates
in conformal geometry, and other Riemannian applications of harmonic co-
ordinates might have conformal analogues. On the other hand, n-harmonic
coordinates exist only locally, and if global gauge conditions are required
then scalar curvature gauges are available via the Yamabe problem. Finally,
n-harmonic coordinates exist at least for C1'® metrics whereas global results
for the Yamabe problem in the literature seem to require metrics with two
derivatives. One motivation for this work was to find characterizations of
local conformal flatness beyond the classical C® case, and it is an interesting
question (also asked in [18, Section 2.7]) if one can have such characteriza-
tions for very low regularity metrics.

Acknowledgements. T.L. was supported in part by the Finnish National
Graduate School on Mathematics and its Applications, and M.S. is partly
supported by the Academy of Finland and an ERC Starting Grant. The sec-
ond author is grateful to Spyros Alexakis, Michael Eastwood, Robin Graham
and Gantumur Tsogtgerel for helpful discussions, and in particular to Robin
Graham for pointing out several useful references.

2. SYMBOL COMPUTATIONS

In this section we assume that the metric is smooth (= C°°) in some
system of local coordinates. We start by recalling standard local coordinate
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formulas. The Christoffel symbols are given by

1
I, = igkl(aagbl + Ob9ai — O1Yab)-

Define
%= g™k, Th=gul".
Noting the identity g?*d;g., = 0;(log|g|), we see that

I = —og"™ - %gklal(log\gDa L= g"ogjn — %aj(loglgl)-
This also implies that
I, = 3 b(1oslg).
The Riemann curvature tensor is given by
Raped = (VaVy — VpV4)0e, O)-
Here V,Vy0. = Vo (I'20m) = 0a1')20m + Ty, 0r, so that
Raped = 0alpegma + Lielomra — 0L Gegma — Tael by Gra-

The Ricci tensor, Ry, = R,;.°, is given by

Ripe = 0,15, — Wl + Tl o — Thelen

bect am
1 1
= Oale = Taclbm — 5 0be(loglg]) + 5 TicOm (log|g])-

The scalar curvature is R = ¢**Rp.. The Schouten, Weyl, Cotton and Bach
tensors were defined in the introduction. By using Bianchi identities as in
[27], the Cotton and Bach tensors can also be written as

(3 - n)Cabc = VlVVoLbcla
1
Bap = (3—n)(=V*"ViPay + V5V, Py) + iRleakbl-
Below, we write T} for quantities that depend smoothly on components
of the metric and their derivatives up to order k. We will also write
L= gabaaba L2 = gabngaabcd
for the principal parts of the Laplace-Beltrami operator and its square.
2.1. Bach tensor. All ellipticity results in this paper ultimately reduce to
the fact that the Bach tensor is elliptic in n-harmonic coordinates when
acting on metrics with determinant one. In the following, if T = T'(g) is

a nonlinear differential operator acting on metrics, we denote by o(T') the
principal symbol of its linearization at g.

Lemma 2.1. The components of the Bach tensor satisfy
2(n—2)

3_n Bab = L2(gab) - L(aarb + 8broz)

-2 1
+ Laablrl + 7L(81Fl)gab + 13
n—1 n—1

in any local coordinate system in which |g| = 1.
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Proof. Assume that the metric satisfies [g| = 1 in a given system of local
coordinates. Then

Ry = 8al“§c + 11, R=0,T"+1T.
The Schouten tensor satisfies

(n— 2) P = T, — (OT")gab + Tt

2(n—1)
Recau that valek - (VF)lekm — amFqu - 2511 Fllp

Therefore

. TP
1k Pmis '

(TL - 2)chab - acll—‘lab - (8clrl)gab + T2

2(n—1)
and

(n —2)VqVePap = Oeail'ly, — (OcarT") gap + T.

2(n—1)
For the Bach tensor, we obtain

n—2

5= Buy = (1= 2) [§"" ViV Pom — 9" ViV Pan | + T
1

= gkm [aaklrém — 8k-lmrflb + m

{(aklmrl)gab - (3aklrl)gbmH + 1.
Next we observe that

1
aklmréb == §8klm |:glr(8agb'r + abgar - 81”.9(117)}

1

= §glr(8aklmgbr + ObkimYar — Orkim9ab) + T3.

This implies
20" (Ot T — OktmTp)
= ¢"" 9" [OakimGor + OvktaGmr — OrkiaGmb
—Oakim9br — OvkimJar + OrkimZab) + T3
= L*(gap) — L(g"™ Oagmb) — L(9" Ouigar) + 9" 9" Ovrtagmr + Ts
= L*(gap) — L(OaTp + OpT0) + Oupa T + Ts.

In the last step we used that I'y = ¢*™0.g,ms when |g| = 1, and T! = ¢'T,..
For the remaining terms in the Bach tensor, we use that

g*" [(3klmrl)gab — (OaraT") gom | = L(OT")gap — Oanal" + T
Collecting these facts, we have proved the lemma. O

Notice that in any harmonic coordinate system in which |g| = 1, the Bach
tensor would have the form

2(n = 2)Bay = (3 — n)L?(gap) + T5.

The operator on the right is obviously elliptic. However, in general it is not
clear how to find harmonic coordinates with |g| = 1 even after conformal
scaling, owing to the fact that the equations I'* = 0 for harmonic coordinates
are not conformally invariant. This is where n-harmonic coordinates become
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useful: they allow the conformal normalization |g| = 1, and the Bach tensor
turns out to be elliptic in these coordinates.

Lemma 2.2. The components of the Bach tensor satisfy

2(n—2 ~ ~
(?)_n)Bab - L2(gab) - L(aarb + 8bFa)
n n—2

n—1

3 1 8
Dot T + mL(azFl)gab + T3

in any n-harmonic coordinate system with |g| = 1, where T'* is as in (1.1):

ka ,kb

. n — 2 gkrghag Dot
rYab-

k= —
2 g

kk

Proof. Follows from Lemma 2.1 and the fact that T* = I'* in n-harmonic
coordinates (see [21, Remark after Theorem 2.1]). O

Consider the right hand side operator in Lemma 2.2 acting on symmetric
positive definite matrix functions, and denote by @ = ()4 the principal part
of the linearization of this operator at g. Then @ is the principal part of the
following linear operator, acting on symmetric matrix functions h by

ha =+ L2(hap) = L [0algul (1) + Dy(gurl™ ()]
_9 . 1 -
+ =0l (h) + —< L(AT () g

where L = L, = g™0,, and Ik = f’; is the operator

kr  ka kb

~ n—2
D) = -2 =2 gkkg Orhap-

Lemma 2.3. (@ is elliptic of order 4 in dimensions n > 3.

Proof. The principal symbol of @, acting on a symmetric matrix function
h, is given by

(Q(g)h)ab = |£|4hab - |£|2 [gagbl + gbgal] 0(_ifl)(h)

22 e o (il () + PG (i) ()

where
= n—2 . h**
(=T () =~
Here, the norms |-| and the raising and lowering of indices are taken with

respect to the metric g. We also have
() = [[*h — [&]? [ (~iT)(h) + Eo(—iT") (1)

+ Z — if“éb&a(—z’fl)(h) + %]5\2&0(—i1~“l)(h)gab.
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Taking a = b, this gives
(a(€)n)™ = [¢]*he® = 2[¢]*€ o (—il*) ()
-2 ~ 1 -
o (€0 (—i) () + —lePao(—il) (kg™
_ aa| |2 a\2 2haa n—2 . lhll
= (9*el” + (n = 2)(€%)%) |I¢] W—Q(n_l)lzgflf o
If £ # 0 and if ¢(¢§)h = 0, then also
he  n=2 R GERT
g 2An—1) = [gR2 gt

for all a = 1,...,n. This implies that
hll R
— = —

gT T e e . — gnn
for some function A, and therefore

Thus h% = 0 for all a, so o(—iT'*)(h) = 0 for all a and (g(£)h)® = |£|*h® =
0 for all a,b. It follows that h = 0, showing that @ is elliptic. O

We are now ready to prove the main ellipticity result.

Proof of Theorem 1.1. Let (M, g) be a smooth Riemannian manifold, fix an
n-harmonic coordinate system, and let g;, = | g|*1/ "gjk in these coordinates.
Using the conformal invariance of the n-harmonic equation, our coordinate
system is n-harmonic also with respect to the conformal metric §. Let Ba
be the Bach tensor for § in n-harmonic coordinates after applying the n-
harmonic gauge condition (1.1) and the condition |§| = 1. It follows from
Lemmas 2.1-2.3 that the principal part of the linearization of By is elliptic
in dimensions n > 4.

Moving on to the Weyl tensor, the formula By, = V*V W10+ %Rleakbl
implies that A A

o (Warn) (§)h = —a(Ba) (§)h

where W is the Weyl tensor of g after applying the gauge conditions, and o
denotes the principal symbol of the linearization applied to a matrix function
h. Thus o(Ware)(€)h = 0 implies h = 0 by the ellipticity of By, showing
that Wabcd is overdetermined elliptic (its principal symbol is injective). The

ellipticity of Cotton and obstruction tensors follow in a similar way from the
identities (3—1)Cupe = VIWaper, (n—3)Op = A2 2R W4+ Th1. O

3. ELLIPTIC REGULARITY RESULTS

We now consider low regularity Riemannian metrics, and establish elliptic
regularity results for conformal curvature tensors. The Weyl tensor will be
considered in detail and the arguments for the other tensors will be sketched.
We first assume that

gjk € wh2n >
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in some system of local coordinates near a point. (In this section all function
spaces are assumed to be of the local variety near a point, that is, we write
W2 instead of VV&)’CQ(U) etc.) This seems to be a minimal assumption for
defining the Weyl tensor: the set W12 N L is an algebra under pointwise
multiplication [19], [5], and therefore ¢g/*, |g| € W2 N L. We see that

re, e L?
Ryt =0,1¢ — o +rd —1mrd e w2 4 LY
Rpe = Ryt € W H2 4+ L1
Since

_ 1 1 rs
Py = n—29 |:Rab - m.g Rrsgab:| )

we have

Wabcd = Rabcd + Pacébd - Pbc(sad + Pbmgmdgac - Pamgmdgbc
1

d
= Rope + 5

|:Rac5bd - Rbc(sad + Rbmgmdgac - Ramgmdgbc]

+ grsgbcRrséad - grsgaCRrs(sbd} .

D |
(n—2)(n—1)
Now, since multiplication by an W12 N L> function maps W4 to W12 for
any ¢ > n, it also maps W52 to W14 and we have

97 grRys € WHT L L,

This shows that if g; € W12 L in some system of local coordinates, then
one can make sense of the components W, Cd of the Weyl tensor as elements
in W14 4+ L1 in these coordinates for any g > n. It is easy to see that also
Rapeds Wapea € W14 4+ L1 in this case, and the identity Wi(cg) = cW(g)
remains true if ¢, gji, € Wh2n Lo,

By similar arguments, if g;, € W?22 N WhH*® in some local coordinates,
the components Cg,. of the Cotton tensor may be interpreted as elements of
W12 and one has C(cg) = C(g) if c € W22N W1 and n = 3. Moreover,
if g1 € Wn=12 A Wn=22 then the Fefferman-Graham obstruction tensor

satisfies Oy € W2 and O(cg) = CHTQO(g) for n > 4 even. We omit the
details of these computations.

We will need the following elliptic regularity result, which is, after using
suitable cutoffs and extensions, a consequence of [25, Theorem 14.4.2] (the
argument also applies to overdetermined elliptic operators). For complete-
ness, the details are given in Appendix A.

Proposition 3.1. Let B C R be a ball, and let p(z, D) = }_, <y, Pa(z) D"
be an M x N matrix differential operator with coefficients in C7] (B) where
r > 0. Assume that p(z, D) is overdetermined elliptic in the sense that its
principal symbol p,,(z, £) is injective for z € B and £ # 0. If in the sense of
distributions
p(z,D)ju=f inB

where u € C~"T¢(B) for some € > 0 and f € C(B) with —r < s < r, then
u € CT5(B).
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The next result gives a symbol computation for the Weyl tensor with low
regularity metric.

Lemma 3.2. Let g;, € C}, r > 1, in some system of local coordinates, and
assume that |g| = 1. The principal symbol o(Wypeq) of the linearization of
the Weyl tensor at g satisfies

0 (Wapea)h = 57— €1hac = € (60 (—T ) + (=T ))
+ Z — igbgcglg(—ifl)h + ﬁlé? (5;0(—2’I‘l)h) gbc], (3.1)

Proof. If g were sufficiently smooth, for instance C*, we could readily use
the formula By, = V’“VZWakbl + %Rleakbl to have

£°¢%0(Wapea)h = —o(Bae)h,
which together with Lemma 2.1 would yield the claim. For C} metrics,

r > 1, we have to be more careful because the derivation of the different
formulas for the Bach tensor uses the Bianchi identities

1
V9Rupea = VaRpe — VoRae,  V'Ryy = 5 Vo,

that require more derivatives. We can however emulate the Bianchi identities
on the symbol level using the equations

€20 (Raped + RacGod — Rbead) = 0, (3.2)

1
faU(Rabgcd - §Rgabgcd) =0. (33)

By the discussion earlier in this section, one can check that these identities
are valid for C] metrics when r > 1. We now write the Weyl tensor as

n—2

1 R
———(RpaGac — Rad9pe) — —————
+n_2( bdg dgb) (n—l)(n—?)
n—3

= (Rabed + Racgvd — RocGad) — ——
n—2

1
Wabed = (Rabed + Racgvd — RbcGad) + < — 1) (Rac9vd — RocYad)
(Gac9vd — JbeGad)

1
(Racgbd - 5 Rgacgbd)

1 1 1
+ ——(Rbd9ac — =R9pdgac — Radgve + = Rgadgve)
n—2 2 2

n—3 n—3
+ —— RocYad — 57—y R9acpa +
n— -2)

R ac_Ra c)-
5 2 )( 9bag Jadbe)

1
2(n —2
R
- m(gacgbd — 9bcYad)
Now, taking the symbol of the Weyl tensor in this form and contracting by
€2¢4 we have by the identities (3.2), (3.3) that

n—3
2(n—2)

n—2

€€ (Wapea)h = — — 2|¢1%0(Rye)h +

" — 1€b€cU(R)h

+ ﬁya?gbca(m]. (3.4)



LOCAL GAUGE CONDITIONS FOR ELLIPTICITY IN CONFORMAL GEOMETRY 11

We have
Rap = _%Agab + %(&J‘b +0pL'a) + 11
and consequently, for a metric g with |g| = 1, it holds that
R=0,I+1Tj.
Substituting these formulas to (3.4) yields the claim. O

Proof of Theorem 1.2. Let gj, € C}, r > 1, in some system of local coordi-
nates. By [21, Theorem 2.1] we know that n-harmonic coordinate systems
exist near any point, and by [21, Proposition 2.5] the metric satisfies g;;, € C]
in n-harmonic coordinates.

Consider first the Weyl tensor. Let n > 4, » > 1, and Wabcd e C7 for
some s > r — 2 in n-harmonic coordinates. Write § = |g|_1/”gjk in these
coordinates, so that
By conformal invariance we have W, 4(§) = W, .%(g) in n-harmonic coor-
dinates where the right hand side is in C. This is a second order system for
g where the principal symbol of the linearization is injective after applying
the n-harmonic gauge condition (1.1) and the condition |g| = 1, by Lemma
3.2 and the algebraic computation in Lemma 2.3 (note that ellipticity of
Wabcd is equivalent with that of Wy.q). Hence Proposition 3.1 applies. If
s < r we obtain g, € C3*2 as required. If s > r we initially only get
Jjk € CT+2 for any 7 < r, but iterating the argument finitely many times
yields g;r € C$*2 and we are done.

The proof for the Cotton and Fefferman-Graham obstruction tensors fol-
lows in a similar way from the above arguments by using the identities
(3 — n)C’abc = leabcl and (n - 3)Oab = A"/Z*ZV’“VZWGW +Th_1. O

Proof of Theorem 1.53. Assume first that g;, € C] where n > 4, r > 1,
and the Weyl tensor vanishes near some point of M. By Theorem 1.2 we
know that the metric g;, = \g\*l/”gjk is C* in any system of n-harmonic
coordinates. Since the Weyl tensor of § vanishes, classical arguments (see
for example [3, Chapter 4]) show that there is a possibly different set of
coordinates {y®} (for which we use indices a, b) where §,p = ¢dg4p for some
positive C° function ¢. Then gq = ¢4 where ¢ = |g|*/"¢ is in CT. The
coordinates {y*} are again n-harmonic [21, Proposition 2.6]. The argument
for Cotton and Fefferman-Graham tensors is analogous. O

APPENDIX A. ELLIPTIC REGULARITY THEOREM

We give an elliptic regularity theorem for overdetermined elliptic systems.
The result is essentially an integration of the techniques in [23, Chapter 3.2]
and Theorem 14.4.2 of [25]. We adopt the notation of these references.

Proposition A.1. Let B C R" be a ball, and let p(x, D) = Z|a\§m Pa(x) D
be an M x N matrix differential operator with coefficients in C} (B) where
r > 0. Assume that p(z, D) is overdetermined elliptic in the sense that its
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principal symbol p,,(z,€) is injective for x € B and £ # 0. If in the sense of
distributions

p(z,D)ju=f inB
where u € C"""¢(B) for some ¢ > 0 and f € C¥(B) with —r < p < r,
then u € C7" T (B).

Proof. We may assume that B is centered at 0. Let By, By be balls centered
at 0 with By CC By CC B, let x € C°(By) satisfy xy = 1 near By, and
write v = xu. Writing pp(2,€) = 34 =, Pa(2)€* we have

pm(z, D)o =xf+ f

where f € C7"tY(R™) if r > 1/2 and f € CT(R™) if 0 < r < 1/2.
We redefine the operator p outside supp(x) as follows: let K be the Kelvin
transform for the ball B;, and first define

q (x) — pa(x)a UAS El)
¢ Pa(K(z)), otherwise.
Then ¢, (z,§) = Z|a|:m da ()€Y is injective for all x € R™ and £ # 0, and
gm(z,€) is close to pp(0,&) if |x| is large. To obtain a symbol with C}
regularity let y € C2°(By) satisfy x = 1 near supp(x), and define

Pa = ¢5* (1 = X)4a) + X4a
where ps(x) = 0 "p(x/J) and ¢ € C°(R™) is a standard mollifier supported
in the unit ball with [, ¢(x)dz = 1. One can check that p, € C}(R™), and
if § is small enough the symbol pp,(z,&) = Z‘M:m Pa(x)EY is injective for
all z and &, and moreover

B (,€)'Bm (2,6)¢ - ¢ 2 CICPIEP™, 2 €R", £#£0, (€C"
for some C' > 0 by homogeneity and the fact that p,,(x, ) is close to pp, (0, )
for |z| large.
Since P, = po near supp(v), we have

pm(z,D)v=xf+f inR™
Here v € C"7"5(R") and xf € C¥(R") with —r < p <7 If0<r <1/2
then f € CY(R") and u € CY""*(By) by using Proposition A.2 below. If
r > 1/2 then we have f € C;""1(R") instead, thus Proposition A.2 implies

v e ol Y ) < g 41 we have u € CTTH(By). Otherwise
we observe that u is C™~"*! near By, and repeating the argument finitely
many times with slightly smaller balls (and using the improved regularity
of f) gives that u € CI"™*(By). Varying By gives that u is C{"™* in B. O

Proposition A.2. Let p € CyST{(R") be an M x N matrix valued symbol
where m,r > 0. Suppose that p is overdetermined elliptic in the sense that
there exist C, K > 0 such that

p(z,&)'p(x,€)¢- ¢ = CCPIEP™, zeR?, (> K, (€C". (Al
If in the sense of distributions

p(x,D)’U, - f



LOCAL GAUGE CONDITIONS FOR ELLIPTICITY IN CONFORMAL GEOMETRY 13

where u € CT"¢(R") for some € > 0 and f € CY(R") with —r < u <7,
then u € CY"TH(R™).

Proof. We apply techniques from the calculus of pseudodifferential operators
with nonsmooth coefficients. Let 6 € (0,1). Symbol smoothing allows us to
write p(x,§) as a sum of a smooth symbol of order m and a symbol of order
slightly less than m with the same smoothness as p(x, ), that is,

p(z,€) = pH(2,€) + P’ (x,€)
with pf € ST%(R™) and P e CIST% °(R™) with € = 7§ > 0. See Lemma A.3
below. By the same lemma there is a left parametrix E for pf of class

OPS§"(R™). The rest of the proof is exactly the same as the corresponding
part in the proof of Theorem 14.4.2 in [25]. O

Lemma A.3. Let p € C7ST(R") be an M x N matrix valued symbol where
m,r > 0. Let § > 0. Then there is a symbol smoothing for p(z, &) of the
form

p(z,8) = pH(2,€) + 1’ (,€)
where pf € STs(R™) and e CLS1s (R") with e =76 > 0.
If in addition p(z,§) is overdetermined elliptic in the sense of (A.1), then

p! is also overdetermined elliptic and there is a left parametrix for p? that
belongs to OPS; §*(R").

Proof. The decomposition is defined as in [25, Section 13.9]. That is, define

pﬁ(wa f) = Z Jsjp(‘r’ f)%(f)

j=0
where (¢;) is a Littlewood-Paley partition of unity satisfying > 72, v; =1,
€j = 2799 and J. is the Fourier multiplier
Jef(x) = (¢(eD)f)(x)

where ¢ € C(R"™) with ¢ = 1 for || < 1. By exactly the same ar-
gument used in [25, Proposition 13.9.9], we have that p* € SI%(R") and

p’ € CLSTS*(R™) with & = rd.
By [25, Lemma 13.9.8], J. satisfies
Ip(+,€) = Jep(+ )|z ny < Cre[[p(+ ) llcr@n),

with C, independent of €. We also have the estimates

[p(z, O < Crlgl™
1p#(x, )| < Cal¢|™
[1p( )ler@mny < C3l€]™,
holding for x € R" and [{| > K2 > 0 since p(z,§) € C{STH(R") and

pi(z, &) € S%(R”); see [25, p. 46]. The norms are defined with respect
to the Hilbert-Schmidt matrix norm. Choose M so large that

1
Cel<— ¢
5= 203(01 + CQ)
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for all j > M. Let us define L = max(K, Ko,2M~1).

Let £ € R™ with |¢| > L. It follows from the definition of the Littlewood-
Paley partition (¢;) that ¢;(¢{) =0 if j < M. Thus we have for [{| > L the
estimate

1p(, &) = PP, Ol Loo@ny < Y lIP(€) = Ty p( )l Lo )5 (6)

j=M

< CT Z €§Hp(7§)|

J>M

L
- 2(01 + CQ)

cr@¥;i(6) ClEm.

Subsequently, we have
Ip(2, €)' p(x,€) = pH(w, §)'pH(x, )| < [Ip(z, §)'[ll|p(x, &) — pH(=, &)

+ (2, )~ #(@, )17 (2, )] < SCle™
whenever |¢| > L. Tt follows that
P (e, ' (@.€)C - € = (P (@, P (. ) = pl,©)'p(2.8) ) ¢ -
+p(, €)'p(w, )¢ - ¢ = = (¢ |p(, )Pl ) — pF(2,)"P (2, €|
+CICPIEP™ > SCICPIeP™, (4.2)

for x € R", || > L, ( € C™. Thus pt is overdetermined elliptic.
From (A.2) it follows that the smallest eigenvalue of p*(z, £)pf(z, €) is at
least C|¢|?™ /2 for |¢| > L. Therefore, the inverse of p*(x, &)!pf(z, £) satisfies

1 N1/2
( ) U= fig
for [¢| > L, showing that p(x, £)'p*(x, £) is an elliptic N x N matrix symbol
in S%TE(R”). Thus (p*)t(z, D)p?(z, D) has a parametrix, say Q, of class
OPSiézm(R"); see e.g. [24, Ch. 4]. Now,

E =Q () (x, D)
is a left parametrix for p(z, D) of class OPS] {*(R™). O
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