Differential geometry 2023

Exercises 7

Let V and W be vector spaces and let L: V — W be a linear mapping. The mapping
L W* = V>,
L*(w)=woL

is the dual mapping or the transpose of L.

1. (1) Prove that the dual mapping of a linear mapping is a linear mapping.
(2) Let Ly: Vi — Vo and Lg: Vo — V3 be linear mappings. Prove that
(LoLqy)* = LiL}.
Solution. (1) Let L: V' — W be a linear mapping. Let wy,wy € W* and let a1, as € R.

By the definitions of pullback and of linear combinations of linear transformations, for all
v €V, we have

L*(aywy + asws)(v) = (aywy + asws) o L(v) = ajwy o L(v) + aswsy o L(v)
= (a1 L'wi + azL*ws)(v) .

(2) By the definition of the dual mapping and the usual rules of the composition of
mappings

(Lng)*w = OJ(LQL1> = (LULQ)Ll = (L*M)Ll = LT(L;W) = (LT(L;)W

for all w € V5.

Let (vq,v9,...v,) be a basis of a vector space V. Let €!,... " € V* be a basis of V*
such that .

- (1, ifi=,

i(E) =6 =

€(Es) =9 {O, otherwise
Then (!, ...,€") is dual to (vy,ve, ... vy,).

2. Let L: V — W be a linear mapping. Let (vy, ..., v,) be a basis of V and let (wy, ..., wy,)
be a basis of W. Let (v',...,9") and (w',...,w™) be bases of the dual spaces V* and
W* that are dual to the bases (v1,...,v,) and (wy,...,w,,). Let (a%) be the matrix of L
with respect to the bases (vq,...,v,) and (wy, ... ,wm)ﬂ Prove that]%]

n
L'w' =) asv’.
j=1

IRecall that this means that
m
Lv; = Z a;»wi
i=1

forall 1 <j <n.
2 A shorter formulation of this exercise: Prove that the matrix of the transpose of a linear mapping is
the transpose of the matrix of the linear mapping.



Solution. Let L*(w') =
get

) b;vj First, using the duality of the bases of V and V*, we

Ny, = (Zb’vj>vk Zb;&i =
j=1

Second, starting with the definition of the dual mapping, we get

L*(w")vy, = (0" o L)vy, = w'(Lwy) = W(i ajlw;)

=1

X, = —2*— 42— ja Y,=2 — +z2°— .
Find w € X*(E* — {0}) such that w(X) =1 and w(Y") = 0.

Solution. Let w = a(z)dx' + b(z)dz?. Now, the equations w, X, =1 and w, X, =0 give
the pair of equations

{—a(a:)352 +b(x)z! =1
a(x)x! + b(x)x2 =0

has the unique solution a(z) = ﬁ and b(z) = ¢ ”2 Thus,

—2?dz! + zldx?
| ]|?

w =

4. Let M be a smooth manifold and let f,g € F(M). Prove that

(1) d(fg) = fdg+gdf.
(2) if g(p) # 0 for all p € M, then

af — fd
afy -1t

Solution. (1) Let X € X(M). The Leibnitz rule of vector fields gives
d(f9)X = X(fg) = fXg+gX[ = fdgX + gdf X = (fdg + gdf) X
(2) Observe first that by (1), we have 0 = d1 = d(é g) = ;dg + gd(é), which implies
d(;) = —jg. Again by (1) we have
f 1 gdf — fdg
i) =ad )= Lars pal) < 0L =S

5. Let M and N be smooth manifolds and let F': M — N be a smooth mapping. Let
w,T € X*(N). Prove that F*(w+7) = F*(w) + F*(7).

Solution. Let X be a vector field. By definition of the pullback and the definition of the
addition of forms, we have

Frlw+71)X =W+ 7)dFX =wdFX +7dFX = FFwX + F'1X = (Frw+ F'1)X .



