
HARMONIC ANALYSIS, 4. EXERCISE

1. Show that if m = ess infx∈Rn |f(x)| < ∞, then

|f(x)| ≥ m a.e. x ∈ Rn.

Further, let f ∈ L1
loc(R

n). Check that the previous result implies
that for each ε > 0 there exists a set Eε ⊂ Q such that m(Eε) > 0
and

|f(x)| < ess inf
y∈Q

|f(y)|+ ε

for every x ∈ Eε.
2. Suppose that f ∈ L1(Rn) and that∫

Rn

f(x)g(x) dx = 0

for every g ∈ C0(R
n). Show that f(x) = 0 a.e. x ∈ Rn. Hint:

Consider ϕε.
3. Let Ω ⊂ Rn be an open set with the following property: there is

γ, 0 < γ < 1 such that

m(B(x, r) ∩ Ω) ≥ γm(B(x, r))

for every x ∈ ∂Ω and r > 0. Show that m(∂Ω) = 0.
4. Show that w ∈ Ap ⇔ w1−p′ ∈ Ap′ .

5. Show that if w1, w0 ∈ A1 then w0w
1−p
1 ∈ Ap.

6. Show for a doubling measure that there are constants C,N > 0 such
that

µ(Q(x, L))

µ(Q(x, l))
≤ C

(L
l

)N

,

for every x ∈ Rn and 0 < l < L < ∞. What is N for the Lebesgue
measure?
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