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This two week intensive course is an introduction to the mathematical
theory of optimal control. We mainly follow [[lva05] adding some material

from [BCD97], [FS06], [Eval0].

We also study connections to partial differential equations and present
several examples from both the practical and mathematical point of views.

Date: October 25, 2016.



2 CONTROL THEORY

Example 1.1. Basic setup of an optimal control problem with (z,t) as a
starting point We use the following terminology and notation
(z,t) € R" x [0, T], starting point
a: [t,T] — A, measurable, A a compact subset of R™, admissible control
A, the set of admissible controls

a tragectory xz(-)is given by

{i/(i;’)::xf(x(s)’a(s))’ s € [t.7] dynamics given by f

f:R"x A—R"
r:R" x A — R, running cost,

g :R" = R, terminal/cost cost.

The value for this control problem is given by

T
u(z,t) = Citrelng7t(a) = inf /t r(z(s),a(s))ds + g(z(T)),

or we may want to mazrimize payoff

T
v(x,t) = sup Py (o) = sup/ r(x(s),a(s))ds + g(z(T)).
acA acAJt

A control & € A is optimal if for example in the first case Cypi(&) =
infoea Cri(a) = u(z, t).
Questions
e How to find/contruct optimal control?

e Optimal control exist?
e Value of u?

It turn out that u is a unique viscosity solution to Hamilton-Jacobi-Bellman
first order PDE

ut + H(z,Du) =0, inR"™x (¢,T)
u(z,T) = g(x) in R™.

Thus finding uw and o can sometimes transformed into a PDE question.

Remark 1.2. First that the above makes sense, we need some assumptions
on f, r, g, a. We return to assumptions later and first consider a few
examples.

Also t dependencies could be allowed above.
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Example 1.3 (Production planning). Factory produces n commodities.

r1(s) a1(s)
z(s) = : = inventory levels, «(s) = : = production levels,
Zn($) an(s)
dq
d= | : | = constant demand rates.
dn,

The inventory develops according to
7'(s) = a(s) — d.
Moreover there are constraints how much factory can produce each commod-
1ty
a(s) € A

where A C Rl is a compact set. Problem: choose a to minimize

T
C'm(a):/t r(z(s),a(s))ds.

An example of r withn =1

r(x,a)= x-h —rev-d+ c-a

holding cost  revenue  production cost

where h,rev,c > 0 are given constants. Remarks:

Case 1: we add a state constraint x(s) > 0.
Revenue is constant and plays no role.
We can fix the endpoint x(T) = 0 or let it be free.
We can also put final cost.
Case 2: Alternative problem formulation. Drop state constraint,
but add shortage penalty:

—_ ot -
r(x,a)= g7 -h —rev-d c-a T~ - pen
(T,a) = g’ -h — + ¢4+ pen
holding cost ~ revenue  production cost  shortage penalty
where 7 = max(x,0), *~ = —min(z,0). Interpretation could now
be that you pay when placing order, but then if we are unable to

deliver there is a penalty. If x < 0, this can be though as how many
undelivered orders are standing in line.

Example 1.4 (Investment planning).

x(t) = rate of revenue of our company at time t,

a(t) = reinvestment rate into the company € [0, 1].
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Revenue develops according to

{x’(s) = ka(s)x(s),

z(0) = = = initial revenue rate > 0,

where k =investment growth rate. Problem is to mazximize profit (or divi-
dends for example)

T
P, o(a) :/0 z(s)(1 — a(s)) ds.

e Think of CEO whose bonus only depends profit over [0,T] and knows
that he leaves the company at time T.

o More realistic would be to have terminal condition too, e.g. share
value at the end.

The solution so called bang-bang control: first reinvestment everything
and then nothing; we return later to this in Example 2.13.

Example 1.5 (Rocket railroad car). Consider a rocket railroad car with
engines on both sides with the variables

q(t) = position at time t

v(t) = ¢'(t) = velocity at time t

a(t) = control i.e. thrust (force) from the rockets, a(t) € [-1,1],

m = mass of the rocket car = 1.

Q: How to operate the rockets to reach 0 at the minimum amount of time
and stop there? This problem can be formulated by using notation

0= (70) = (o)

0= (50) = (5 )0+ () = Fatorato)

as

Above
! .
muv' (t) =mass-acceleration=force=a

is the law of motion. The total ’cost’ to be minimized is

Cro0() ::/ 1dt
0

where T := T(ov, xg)="first time q(t) = 0= v(t)". The value is
i

u(zo) = inf Cyy(a) = nf/ 1dt.
« a 0
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Example 1.6 (Rocket car continued, heuristic solution). Guess that the
optimal o only uses the extremal values —1 or 1. Some justification later.

Recall
w0 = st = (1) = ().

Whenever o = 1 we have

o (48)-(4).

This implies

w'=q = %(02)' =d,
and furter
2(t) —v?(0) = tvzs’s: t's 5 = —
20 = *0) = [ 026 ds =2 [ () ds = 20(0) - 2000
Rearranging
V() = 24(t) + (*(0) — 2q(0)) = 2q(t) + 2b. W)
known
Whenever a = —1
V() = —2q(t) + (v2(0) + 2q(0)) = —2q(¢) + 25.
. - , (1.2)
Rewriting

%1}2—b:q7 a=1
—%v2+5:q, oa=-—1.

By drawing the images, we can now find optimal trajectories. For example,
quite naturally, if we are on the positive side with zero initial speed we always
use a = —1 until we are close enough 0 (i.e. cross the parabola going through
(0,0)) and then stop the car by using o = 1. This is an ezample of a so
called bang-bang control.

Suppose that x(0) = (1,0). Then we first use &« = —1 and then o = 1. To
calculate how long it takes to reach the origin, solve

/dv:/—ldt:v(t):—t—kc

and since v(0) = 0 it follows that ¢ = 0. Moreover,

1
/dq:/—tdt:>q(t):—2t2—|—c.

Since q(0) =¢ =1, we have

1
q(t) = —§t2 +1.
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By solving from (1.1) and (1.2) the time of the change in control, or arqu-
ing by symmetry that the change is in the midway, we see that the control
changes at t = 1. Repeating a similar calculation or using symmetry, it

takes

t=2

to reach the origin.

More generally, in (q,v)-plane , the curve

v v—2q, q<Q0,
_\/27 qzo:

separates the two regions: in Region 1

>4/-2 <0
p={ =V T (1.3)
> —+/2q, q > 0.
we start with a = —1 whereas in the complement, Region 2, we start with

a=1.

1.1. Classification of problems.

e Fixed finite time horizon, free endpoint, R™ x [0, 7T](second case of

"Production planning’, Example 1.3): find control that minimizes

T
/t r(z(s), a(s)) ds + g(x(T)).

Fixed finite time horizon and control until exit from a cylindrical
region @ x [0, 7.

Infinite time horizon: control until exit from a domain (). Minimize
the functional

| ra().als) s+ glar) e

t

where again 7 := 7(«, 2). Sometimes discounted payoffs are used
r(z,t) = e P'i(2,t), g(z,t) = e PG(z,t)

to ensure finiteness of the payoffs in certain problems.
Fixed endpoint problem (cf. the rocket car which had no discount):

/tTr(x(s),oz(s)) ds, x(1)=1x1.

Final endpoint constraint. Same as previous, but the target set can
be some bigger set:

l‘r T(‘T(S)7 OZ(S)) ds + g(:IZ(T(a)))7 $(7-) c K.
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e State constraint problem (first case of "Production planning’, Exam-
ple 1.3). Only controls that guarantee

xz(s) e U CR"™.

2. FINITE TIME HORIZON

2.1. Dynamic programming. We continue by looking at finite time hori-
zon.

Here are the standing assumptions. We assume that all the functions
are continuous (in all variables) Lip wrt z, and bounded

|f(z,a)] < C; |r(z,a)| <C, |g(z)| < C
|f(x,a) = f(y,a)| < Clx—yl, |r(z,a) —r(y,a)| < Clz —yl,
lg(z) —g()| < Clz —yl.

Recall that o : [t,T] — A is a measurable function with compact A, and
that the dynamics is given by the ODE

2(s) = f(a(s),a(s)) t<s<T
x(t) = x.
It has a unique Lipschitz continuous solution z(s) under these assumptions.
We are interested of the total costs and therefore define a value function
u(z,t) == mf Cyt(a) == inf {/ (s))ds+ g(x=(T))}.
acA
We are going to show that u is a solution to a first order terminal value PDE
of a type
ur+ H(z,Du) =0 inR" x (0,7
u(z, T) = g(x) on R",
where
H(z,Du) := inf H(z, Du,a) := inf {f(x,a) - Du(x,t) + r(x,a)} (2.4)
acA acA :
is the Hamiltonian, and H(x, Du, a) is the control theory Hamiltonian. This
is often called Hamilton-Jacobi-Bellman (HJB) equation, and can be seen
as an infinitesimal version of so called dynamic programming principle (or
Bellman’s dynamic programming principle or optimality condition) that we

will introduce next. It is the basis of the solution technique developed by
Bellman in 1950s.

Lemma 2.1 (DPP/optimality condition). For each h > 0 small enough so
thatt+ h < T, we have

t+h
u(x,t) = ;2&{[ r(z(s),a(s))ds +u(x(t + h),t + h)},
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where xz(-) is the trajectory with the control a.

Idea is that we can think that we play optimally from time ¢ 4+ h and
thus obtain u(x(t + h)t + h). Getting there costs ftHh r(z(s),a(s))ds. For
the proofs of the following theorems, see for example Section 10.3 in Evans:
Partial differential equations.

The next theorem quarantees that we remain within the uniqueness theory
in unbounded domain (See 10.2 in | ]), and make sure that we take the
initial values continuously.

Theorem 2.2 (Estimates for value functions). The above value function u
satisfies

lu(z,t)] < C,
‘u(m,t) — u(A,tA)

forz,z e R*, 0<t,t<T.

<Clz—&|+C|t—1

)

Next we connect the value function to the PDE. The PDE then provides
(existence, uniqueness, solvers available...) us the way to access the value
function and the optimal control.

The heuristics is that the PDE is an infinitesimal version of DPP. Formally
supposing u is a smooth value we can start from the DPP

t+h
0= iréfa{/t r(z(s), a(s)) ds + u(x(t + h),t + h) —u(z, 1)},

and assume that we are only using controls such that limy, 04 a(t + h) = a.
Then taking limit, changing order of lim and inf and dividing by h, we
formally obtain

i d
0 = inf {r(z,a) + - (ula(t), 1)}
= inf {r(z,a) + Du(a(t). ) - /(1) +wi(x(1), 1))}
= 31612{7"(1‘, (1) + Du(:n, t) ’ f(xa (I)} + Ut(ZL‘, t))
= H(z, Du(x,t)) + us(x, t).
The value should thus be related to the problem

{H(az,Du(m, £)) + ug(z,t) = 0

u(z,T) = g(z) (25)

We recall the viscosity solutions, for more details see for example the
lecture note of "Viscosity theory’.

Definition 2.3 (Parabolic viscosity solution). A function u : R" x (0,T) —
(—00,00), u € C(R™ x (0,T)) is a viscosity solution to (2.5) if u takes the
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final values continuously and whenever ¢ € C*(R™ x (0,T)) touches u at
(z,t) € R" x (0,T) from below, it holds that

o(z,t) + H(x,Dyp) <0,

(this is supersolution condition) as well as whenever ¢ € C1(R"™ x (0,T))
touches u at (x,t) € R™ x (0,T) from above, it holds that

i(z,t) + H(z, Do) > 0,
(subsolution condition).

Remark 2.4. o [f there is no such test function o, then the condition
s automatically satisfied.
e The name viscosity solution is for historical reasons. The origins of
the above definition is in the method of vanishing viscosity, i.e. one
adds a smoothing, viscosity term, +eAu and let € — 0.

Example 2.5. Consider time independent case
F(uz) = —|ug| +1=0.

Then w is a supersolution if a function ¢ € C touching from below at x
satisfies

—lez(@)[+1<0
and subsolution if from above

—[ez(z)] +1 = 0.
Then

u(z) =1 — |z
is the unique viscosity solution to
{—|u$]+1:0 ze(-1,1)
u(£1) = 0.
Theorem 2.6. Let u be the value for the control problem in the above setup.
Then u is a viscosity solution to
ut(z,t) + H(x,Du) =0 in R™ x (0,7)
{u(a:,T) = g(x).

Proof. Let u be a value. Thriving for a contradiction, assume that the

subsolution property does not hold i.e. there is ¢ € C*(R" x (0,T)) touching
u at (z,t) from above

pr(,t) + H(z, Dp(w, 1) = p(@, 1) + inf {f(2,a) - Do(, 1) +r(z,a)} <0.
Then by continuity there is @ € A and € > 0 such that
ei(y, s) + f(y,a) - Do(y, s) +r(y,a) < —0 (2.6)
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for all points (y, s) sufficiently close to (x,t).

Choose a fixed control a(s) = a and the corresponding trajectory
a'(s) = f(z(s),a), t<s<T,
z(t) = x.

By continuity of the trajectory and (2.6), it holds for small enough h, t <
s <t+ h that

oe(z(s),8) + f(x(s),a) - Do(x(s),s) +r(z(s),a) < —6 (2.7)
Thus, since ¢ touches u from above
u(x(t+h),t+ h) —u(z(t),t)
< @zt +h),t+h) —p(x(t),t)

t+h
= /t %4,0(:1:(5), s)ds

t+h

= t D@(x(s),g) . fl\(/sl —|—Lpt(:c(s),s) ds.

On the other hand, by the DPP

t+h
u(x,t) :;reli{/t r(z(s),a(s))ds +u(z(t + h),t +h)}

t+h
< / r(2(s), a) ds + u(z(t + ), ¢ + h).
¢
Combining the previous two inequalities, we end up with

t+h
u(x(t+h),t+h)—(/t r(z(s),a)ds +u(z(t+ h),t+ h))

<wu(z(t+h),t+h) —u(z(t),t)
t+h

< [ Dela(s).5) - flals).a) + pulals), ) ds

ie. »
0< /t r(x(s),a) + Dp(x(s), s) - f(z(s),a) + wi(x(s),s)ds

a contradiction.

(2.7)

2.7
< —ho,

To prove that supersolution property holds for u, let ¢ touch u at (x,t)
from below, and suppose that supersolution property does not hold. By
continuity,

p((s), 8)e + f(x(s), als)) - Dp(a(s), s) + r(2(s), a(s)) > 0. (2.8)

for any a € A and s close enough t.
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Thus for any control a € A, not necessarily constant, and the correspond-
ing trajectory x(s). Further, since ¢ touches u from below

w(z(t+h),t+ h) —u(z(t),t)
> @(@(t+h),t+h) —p(x(t),t)

t+h
= /t %cp(x(s), s)ds

t+h

=/ Dp(x(s), ) - f(x(s), a(s)) + ¢r(x(s), s) ds,

for any strategy. Further by the DPP and definition of inf, for 6/2 > 0,
there is @ € A such that

t+h
u(z,t) > / r(z(s),a(s))ds +u(x(t + h),t + h) — h0/2
t
and combining the previous two inequalities

t+h
w(z(t+h),t+h) — (/t r(z(s),a(s))ds +u(z(t + h),t +h) — h/2)

t+h
> t Do(x(s), s) - f(x(s), as)) + pi(z(s), s) ds.
implying
t+h (2.8)
ho/2 > /t r(x(s), a(s)) + Do(z(s),s) - f(z(s),a(s)) + @i(x(s),s)ds > hb,
a contradiction. O

2.1.1. Using dynamic programming in designing optimal controls.
(1) Find unique solution to the Hamilton-Jacobi-Bellman equation

ug(z,t) = H(z,Du) in R"™ x (0,7)
u(z, T) = g(x), x € R".

According to Theorem 2.6, this is the value function.
(2) Solve feedback control by setting a(x,s) = a where

r(z,a) + Du(x,s) - f(z,a) = érelg{r(:n, a) + Du(z,s) - f(xz,a)}.

(3) Solve ODE
(2.9)

Define
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a feedback control so that
u((s), s) + r(x(s), a(s)) + Du(i(s), s) - f(Z(s),a(s)) = 0. (2.10)

Remark 2.7. There are serious problems in the above procedure. There
might be multiple solutions o, measurable selection theorem might be needed.
Solving 2'(s) = f(&(s),a(Z(s),s)) requires reqularity for a and does not
always work, consider Example 2.9 in Reg II.

Nonetheless in case all the problems indicated above can be solved, then
the produced control & is optimal: Since the value and a solution to PDE
coincide

Example 2.8. Consider a problem in R x [0,T] with controls o : [t,T] —
[—1,1] and dynamics

{x’(s) = f(a(s),a(s)) =a(s), t<s<T

z(t) = x,
and minimize (no running payoff)
Coi(a) = g(a(T)) := =T,

We guess that the optimal control is

- 1, x>0
o=
-1, z<0.
(At x = 0, we are free to choose @ = 1 or & = —1. Obviously optimal

controls are not unique. ) In any case

ftTlds—{—x, x>0, [JT—-t+z, z2>0,

(1) = = 2.11
HT) {ftT—lds—i-x, x <0 {t—T+:c, <0 (2.11)
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and

—(T—t+z)? >0

~ € 9 xr =V,

u(e,t) = 9(a(T)) = {e_ﬁ_m)g’ Ty
Observe that

lim g (y,t) = —2(T — t)e" T % —2(t = T)e D" = Tim w,(y,1),

y—0+ y—0—
so that u ¢ Ct even if the data is smooth.

To different direction, suppose that we are first able to solve u from the
corresponding HIB equation u; — |ugy| = 0. Assume x # 0 and solve a from

g, 1) = int {2 )} =
i.e. a = —sgn(uz(z,t)). Since

oo JAT -t g)e~ Tt - 250
Ua(®,t) = 2t —T +a)e =T+ 5 <,

we have

- 1, x>0
a(z,t) =a=
-1, x=<O.

Then we solve the full control by putting in trajectory

{f’(s) = a((s), s),

z(t) = x,
Thus the optimal control related to the point (x,t) is

. o 1, x> 07
a(s) = a(x(s),s) = {_17 x < 0.

This already indicates that there is problem of interpreting Du(0).

Example 2.9 (Dynamics with three velocities). Let us consider the problem

{JJ/(S) =a(s), 0<t<s<l1
z(t) =z,

where the control parameter takes values in
A={-1,0,1}.

Our problem is to minimize

1
w(@,t) = Co(@) = /t 1(s)| ds.
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To this end, we consider three regions
I={(z,t) :x<t—1,0<t<1},
IT={(z,t): t—1<z<1—t0<t<1},
I ={(z,t) : 2> —t+1,0<t <1}

The value is

szt (- (1-1))A-1), I
u(x,t) == Cypy(a) = 222, II
La+@—->0-0))1-1), III
s+ (@—(1-1))01A -1 (2.12)
H(2z—1+t)1—-1t), I
= %xz, II
12z —1+t)(1—1), III
Then the Hamilton-Jacobi-Bellman equation is
0=wu+ IIGIE{f(ZE,(I) : ux(:zr,t) + |l’|}
=u + 322{6‘ g (z,t) + |x|}.
Then in Region II, it holds
0= Ut, Uy = T,
inf{a-us(w,t) +|2[} = inf {az + |2[} = —[a] + || = 0.
in Region I
1 1
up = 5(1—t)—§(—2x—1+t) =1—t+z, uy=-—(1-1%)

inf {a - t = inf{—a(l -t =—(1-t
inf{a-ue(2,¢) + |2[} = inf {~a(l —t) +[a]} = (1 -t +2)

so that HJB equation holds; the boundaries will have to be checked separately.
Example 2.10. Consider the previous example with A = {—1,1}. Then it

is an exercise to show that there s no optimal control in Region II.

However, value still exists and is the same as in (2.12), and it still satisfies
the HJB.

2.2. Pontryagin max principle for finite time horizon, free end-
point. Next we encounter a necessary conditions for optimality (named
after a soviet mathematician Lev Pontryagin 1908-1988) formulated in 50’s.

Consider again the control problem
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and try to find a control & such that (this time we maximize to get what is
called max principle instead of minimum principle)

T

P, (&) = sup Ppy(a) = Sup/ r(x(s),a(s))ds + g(z(T)) =: u(x,0)
acA acAJo

and with the additional assumptions f(-,a),7(-,a),g € C*(R").

Recall

H(x, Du) :=sup H(x, Du,a) := sup(f(z,a) - Du(x,t) + r(x,a))
acA acA

is the Hamiltonian, and H (z, Du, a) is the control theory Hamiltonian. After
the calculation in Section 2.1.1, the following is rather natural.

Theorem 2.11 (Pontryagin max principle). Let & be optimal for the above
problem and T the corresponding trajectory. Then there exists a function
(called costate or adjoint variable) p(t) : [0,T] — R™ such that for a.e.
0<t<T

i'(t) = DpH(2(t), p(t), a(t)) (ODE)

)= —D,H(Z(t),p(t),a(t)) (adjoint equations)=(ADJ)
H(z(t),p(t),a(t)) =sup H(Z(t),p(t),a) (maximization princ)=(M),
)

p(T) = Dg(z(T)) (terminal/transversality condition).

Recalling the control theory Hamiltonian we have
'(t) = DpH(2(t), p(t), &(t)) = f(Z(t), a(t))
for (ODE), so this is just the usual dynamics.

Remark 2.12. Observe that Pontryagin maz principle might very well give
false control candidates.

It is rather a design tool not characterization: it is of course desirable
whenever it only gives a small set of controls or only a single control.

Nonetheless, in principle, if we can make up a reasonable candidate for
optimal control and thus derive a candidate as a value function, then we
can check whether this is the unique viscosity solution to the corresponding

PDE.
Next we see how to use Pontryagin max principle.
Example 2.13 (Investment planning). Recall the model:
x(t) = profit rate,
a(t) = reinvestment rate € [0, 1].
Profit develops according to

{1:’(8) = a(s)z(s) == f(z(s), a(s)),

z(0) = x = initial profit rate > 0.
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. Problem is to maximize the profit

T T
P,o(a) = /0 r(z(s),a(s))ds+0= /0 z(s)(1 — a(s))ds.
Thus the control theory Hamiltonian is
H(xz,p,a) = f(z,a)p+r(z,a) =arp+x(1 —a) =z(a(p—1) + 1).
and equations from Pontryagin maz principle
7'(s) = a(s)z(s) (ODE)

P (s) = —a(s)(p(s) — 1) — 1, (adjoint equations)
Z(s)(a(s)(p(s) —1)+1) = Sup{x( )a(p(s) — 1)+ 1)} (mazimization princ),
) =

p(T

From the mazimization principle, since & > 0 by (ODE), we have

M@z{L pls) > 1

=0 (terminal/transversality condition).

0, p(s) <L
We are looking for a continuous costate function, and thus by terminal con-
dition
p(s) <1 for s close to t.
Thus by (ADJ) for s € [T —1,T] (assume T > 1) we have
p(s) =T —s,

and by (ADJ) p' remains a.e. strictly negative and by (M) the control swith-
ces atT'— 1, and there won’t be further changes in the control. The optimal
control is a.e. thus

1, 0<s<T-1
0, T—1<s<T,

(s) ze’, 0<s<T -1,
S) =
a:eT_l, T-1<s<T.

The payoff is

T
P,o(a) = / zel~tds = zel =L,
T-1
22.1.2016

Theorem 2.14 (Costate and gradient). Assume that o(s) = az(s) and
x(8) = x,.4(s) solve the control problem at z,t. If the value function u € C2,
then the costate p in Pontryagin is given by

p(s) = Du(x(s),s), t<s<T.
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Proof. Let p(s) := Du(z(s),s), then we claim that p satisfies (ADJ) and
(M). With the optimal control it holds that

ur(x(s), s) + r(xz(s),a(s)) + f(z(s),a(s)) - Du(z(s),s) =0 (2.13)

for a.e. t < s < T. Indeed, first observe that ﬁsz,t(s),s(g) = x54(8) for
t < s < § < T when using the same control (or part of it) in both the cases.
Thus a.e. s

d d

T
Fotlrns(9):5) = -loee D) + [ rlan6).0() )

= —1(z4(5), a(s)).
and

iu(alrm(s), s) = Du(zz4(s), s) - x;’t(s) + up(xz4(s), s)

ds
= Du(xz,4(5),5) - f(@2(5), 0z,s(5)) + ut(24(s), 5)
implying (2.13). Fix s where (2.13) holds, and define

dropped max

hy) = wi(y, s) +r(y, a(s)) + f(y,a(s)) - Du(y,s) < 0.
Moreover, h(z(s)) = 0 and thus h obtains its max at y = x(s) so that

0= hrl(x(s)) = utmi(x(s>a S) + ’I”xi(.’IJ(S), Oé(S))
+ fu, (2(s), (s)) - Du(a(s), s) + f(x(s), a(s)) - Dug, (x(s), 5).

On the other hand, by definition of p and the above equation

P(5) = i (2(s), )
= Uy,(2(8), 8) + Dug, (z(s),s) - 2'(s)
= Ug,t(2(5), 8) + Dua, (2(s), 5) - f(x(s), as))
= =7z, (2(s), a(s)) = fa; (x(5), a(s)) - Du((s), s)
= f(@(s),a(s)) - Dug,(x(s), s) + Dug,(x(s),s) - f(2(s), a(s))
= =7z, (2(s), a(s)) = fa; (x(5), a(s)) - Du((s), s)

This is (ADJ).

Then comparing

ui(2(s), s) + sup{r(z(s), s) + f(z(s), @) - Dufa(s), s)} = 0

with (2.13), we obtain (M). O
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2.3. Viscosity solutions and Pontryagin max principle. Next we make
few comments on how Barron and Jensen, 1986, TAMS used ideas of The-
orem 2.14 in a rigorous proof using viscosity solutions.

We continue under the assumptions of the Pontryagin max principle. Fix
the optimal control

dw,t : [t,T] — A
related to the starting point (z,t) and
'%gﬁ,t(s) = f(:i‘x’t(s), dm,t(s)
jx,t(t) =X.

Then define w : R x [¢t,T] — R by

T
w(é, ) = glae(T)) + / (e (5), Gaa(s)) ds,
where t <7< s<T and
{%(s) = [(2e(5), Gauy(s))
xf,T(T) = g

Idea is now to show that the 'value’ w with the frozen control has enough
regularity (which we take for granted) and this gives us (M) with p(s) :=
Dw(Zq4(s), s).

Theorem 2.15. It holds that
Dw(Zz(s),s) - [(Tat(s), Qat(s)) + 1(Ta(s), Gap(s))
= supac A{Dw(Tz1(5), 5) - [(Za(s),a) + 7(Zz4(s),a)},
for almost every s € [t,T).

Proof. 1t holds that

and

u(,7) = w(E,7)  for (§,7) € R" x [t,T]
since u is the largest payoff at each point. That is, on each point on the
trajectory Z,+(s) the function w touches u from below. Since u is known to

be viscosity supersolution it holds, assuming w is differentiable on a point
(Zz,t(5),s), on the trajectory, that

wi(Zge(s), ) + ilelg{Dw(fcm(s), s) - f(Zz4(5),a) +7(Tee(s),a)} <O0.

The next lemma proves the reverse inequality. O



CONTROL THEORY 19
Lemma 2.16. At almost every (s,z¢ -(s)), t <17 < s <T, we have

wi (¢ r(5),s) + Dw(xe r(5),s) - f(rer(5), 0ui(5)) + (e (5), aui(s)) = 0.

Proof. Idea is the same as in Theorem 2.14. Again assume enough regularity
for w. By definition of w it holds that

A w(rer(6),5) = (9(aer (T + [ rlrer(3).60a(3)) 45

= —1(x¢+(5), Gz t(s)).

where we also used the fact @, (s)s(5) = z¢7(5) for § > 5. On the other
hand, by the chain rule

Lot 2(5), 5) = Dw(er(5), 5) - 2o (5) + we(ze o (5), 5)

ds
= Dw(x¢ ;(5),5) - f(we(5), Grr(s)) +we(ze(s),s). O
2.4. Pontryagin max principle and PDEs. Next we look how to come
close to (ODE) and (ADJ)

¥'(t) = DpH(&(t),p(t), a(t)) (ODE)
P(t) = =D H((t),p(t), &(t)) (ADJ).

from the point of view of the PDE theory. They arise through the method
of characteristics, i.e. we try to find such trajectories that we can calculate
the solution for the Hamilton-Jacobi PDE

uy + H(x, Du(z,t)) =0 in R™ x (0,7)
u(z,0) = g(z) in R™.

We assume that v is smooth and denote

x1(8)
1:(5) = ‘ ;
Zn($)
P\ [ @(s).9) 210
p(s) == Dgu(z(s),s) = | + | = :
pn(s) Uz, (2(s), s)

We differentiate Hamilton-Jacobi equation wrt zj to get

Utgy, (2, 1) + Hyy (x, Du(z, ) + Z Hy, (z, Du)ug,q,(2,t) = 0. (2.15)

)
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Using the notation introduced above

Phlt) = <, (1), 1)
= Utg, (iL'(t), t) + Z Uz z; (l‘(t), t)ilj‘g (t)

(2.15)

=" —Hg, (x(t), Du(x(t),t)) — Z Hy, (x(t), Du(z(t), t))tig, o, (x(t), 1)
+ Z Uayr, (2(1), £)23(1)

= —Ha, (2(1), Du(x(t), 1)) + Z(_Hm (z(t), Du(x(t), 1)) + 23(t) uape; (2 (1), 1)

= —Ha, (2(1),p()) + Z(—Hpi (@(t), p(t)) + (1)), ((2), 1).

We want to simplify, and to this end get rid of second derivatives, by choosing
zi(t) = Hp, (2(t),p(t)).
Then the above further yields
p?c(t) - _Hfﬂk (:C(t),p(t)).

These are Hamilton’s equations. If we can solve these with suitable initial
conditions x(0) = xg,p(0) := py := Dg(zp), then when can calculate the
solution along the trajectories:

td
w(w(t), 1) = /0 Lu(a(s), ) ds + u(x(0),0)
= /0 (Du(z(s),s) - 2'(s) + u(x(s), s)) ds + u(z(0),0)

(ADJ),(ODE),(2.14)

/0 (p(s) - DpH (x(s),p(s)) — H(x(s),p(s))) ds 4+ u(x(0),0).

Example 2.17. Consider

Ut -+ |ua;] =0
u(z,0) = g(z) = e

Then away from p = 0 we use method of characteristic,

H(x,p) = ’p‘ aHp = sgnp, HZ’ =0
g

p(t) = po = Dg(xp) = —2xpe "0,
2'(t) = Hy(x(t), p(t)) = sgn(—2z0e™ ") = — sgn(xo)
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so that

u(z(t),t) = /0 (p(s) - DpH (a(5), p(s)) — H(x(s),p(s))) ds + u(x(0), 0)

= /0 (= posgn(zo) — [pol ) ds + g(x0)

= (2 |zo] e — 2 | o] e_xg) + e

2
= eix() .

On the other hand we might consider through Pontryagin the 1D mini-
mization problem we already solved before (related to uy — |uz| =0)

g(@(T)) =@

2

under
{x’(s) = a(s),
z(t) = .
This time we have Pontryagin minimization principle
p(t) =0,
p(T) = Dg(x(T)) = —2(T)e )",

p(s)-als) = min p(s)a

If X(T) > 0 then p(t) =po < 0 and by (M), a(s) = 1. If X(T') < 0, then
a(s) = —1.

3. HEURISTIC DISCUSSIONS AND WARNINGS ON PONTRYAGIN

The following 'argument’ leaves a lot to be desired, but might still provide
some insight.

Consider a problem with exit time constrained to exit on a set 97, (like
the rocket car example, we return to this in Section 5). Let 7 = 7(x, ) be
the first hitting time of the set. Add the trajectory as a penalty term and
integrate by parts

/0 "r(alt), alt) + p(t) - (F(2(),alt)) — /() dt + gla(r))
- /0 " r(at), o(t) + p(t) - F(x(t), a(t)) dt + g(x(r))

—p(7) - (1) + p(0) - £(0) + /OT P (t)x(t) dt.
Max of quantity
—p(7) - (1) + g(x(7))
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where x(7) € 9T, under the condition A(z(7)) = 0(where h is the equation
of the boundary, assume smooth, Dh(x(7)) # 0) is according to Lagrange
multipliers (see Evans’ lecture note) requires

—p(7) + Dg(x(7)) = cDh(x(7))
(=p(7) + Dg(x(7))) -t = 0

where ¢ is a vector in a tangent plane to d7 at z(7). This gives the
transversality condition; also in the fixed endpoint or free endpoint problems.

Remark 3.1. Also it should be noted that the version of the Pontryagin
stated is not exactly accurate. There are so called abnormal problems for
which the control Hamiltonian reads as H(x,p,a) = f-p+0-7r and for
which Pontryagin is not useful.

Following example is due to Arytyonov, Differential Equations, 2010.
Consider the rocket car example, take the essentially unique optimal con-
trol av steering us from xy € R? to 0 in optimal time T. Choose xq so that
the control has a unique switching time T < T for the control. Then consider
the following control problem: minimize

T
/0 a(t)\/|T — s|ds

with fized starting o and end point 0. This is fived time, fized starting
and fized endpoint problem. The above « is (essentially) the only admissible
control and thus optimal. Try to follow Pontryagin with

H(x,p,a,s) = f(.’L',CL) -p—l—?"(:t,a, S)
=a\/|T — |

= Top1 + paa + ar/|T — s|.
so that

Pils)y _ _( 0
(1469) =~ () (422
z2(s)p1(s) + p2(s)a(s) + a(s)V/ |1 — s
= min {xa(s)p1(s) + p2(s)a + ar/|T — s|} (M)

a€[—1,1]
and no (T). (M) can be rewritten
a(s)(p2(s) + VIT = s|) = ael%l_i?”{a(m(s) + V|7 —s])}

By (ADJ) ps is linear. Since the square root grows faster at the vicinity of
T (p2(t) must also be zero at T, otherwise it is clearly not a switching point

for control coverned by (M)), then pa(s) + /|7 — s| is positive in U \ {7}
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for some neighborhood U, and this again contradicts the switching property
of a.

We observe that the usual Pontryagin (without recalling the extra 0 mul-
tiplier) produces a false control.

4. INFINITE TIME HORIZON

Use the standing assumptions. Consider problem of minimizing

[0}

u(x) == igf Cy(a) = inf /OOO r(z(s), a(s))e ™ ds

A > 0, with otherwise the same setup as before. Then u bounded, and Lip
or Holder continuous depending on the ratio of A/ L, where L is Lip constant
of dynamics f. See | | Prop II1.2.1.

Theorem 4.1 (DPP). Let u be a value, (x,t) € R™ x (0,00), and standing
assumptions hold. Then

u(z) = inf {/0 r(z(s), a(s))e™* ds + e Mu(x(t))}

acA

Proof. Aim: Define a control

als) = {al(s), 0<s<t

as(s), t<s.

Given «; and related trajectory x1(s) with z1(t) = z, choose s (and related
trajectory with xo(t) = z1(t)) so that

/t"o r(wa(s), aa(s)e 70 ds — 1 < u(aa (1)

which implies

use «

u(z) < /0 r(z1(s), o1(s))e o ds + e~ /00 r(xa(s), aa(s))e 57 ds

t
t
< / r(21(8), 1(8))e ™ ds 4+ e Mu(zy (1) + 1.
0
Taking inf,, implies

u(z) < w(z),
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where w(z) = infaeA{f()t r(z(s), a(s))e ™ ds + e Mu(x(t))}. To prove a
reverse, choose a3, 3(0) = x such that

ul(z) > / " r(aa(s), as(s))e ™ ds — g

> / (s))e ™ ds + e /too r(x3(s), az(s))e M ds —
> / (s))e ™ ds + e ulas(s)) —
> w(z

We guess by formal derivation that the related HJB PDE is

inf {2 /0 (o), a(s))e ™ ds + %(e_Mu(x(t)) —u(z))}
— inf {r(z,a) - Au(x) + * Du(x) - '(0)}

= inf{r(z,0) + Du(x) - f(z,a)} — Au(a)

= H(z, Du(z)) — Au(z) = 0

The rigorous proof that value function is a viscosity solution runs along the
same lines as before.

5. PROBLEMS WITH EXIT TIMES

Under the standing assumptions. Consider a problem of minimizing

Jo r(@(s), a(s)e ™ ds + e *g(z(1)), T <o0
Cor(a) {fo r(z(s), as))e ** ds, T = 00,

where 7 := 7(«,z) is the first hitting time a given closed target 7 with
compact boundary 97 , and we assume r > 1 and A > 0, and if A = 0, then
we assume inf, 7 < oo for every point, in addition to the usual standing
assumptions.

Theorem 5.1 (DPP). Let u be a value, x € R™\ T, and the above assump-
tions hold. Then

w) = inf ([ r(als) als)e™ ds+ xgrane g(alr)

+ X(r=ipe Mgla(t)}.

The proof uses the usual techniques.



CONTROL THEORY 25

Again formally, for z € R™\ T,

0=t [ ralshal)e s+ g (e g(alr) — ula)

(e () — ()
— 3r€11f4{7°(x,a) — Au(x) + Du(z) - f(z,a)}
= Inf {r(z,a) + Du(z) - f(z,a)} — Au(z)
=: H(z, Du(x,t)) — Au(z)
since eventually ¢ < 7.

If the value u is continuous up to the 7 (we do not pursue this question
further), in addition to the above assumptions, then u is a viscosity solution
to the Dirichlet problem

H(z,Du(z,t)) — Mu(z) =0, inR"\T,
u(z) = g(x), on OT.
Example 5.2 (Warning). Consider a ball B(0,1), the dynamics
z'(s) = als),
z(0) = x.

where o : [0,7] — B(0,1). This violates r > 1. Suppose we pay according
to the path length i.e. minimize

Pu(a) = /O la(s)| ds +0.

Never moving gives a value 0, even if we take some bdr values g > 0. The
corresponding HJB is

H(z, Du)

= inf {f(z,a)- Du(z) +r(z,a)}
a€B(0,1)

= inf {a - Du(z) + |a|}
a€EB
= min{0, — |Du| + 1} =0,
but this has no unique solution.
The DPP considerations also work for the constrained endpoint problems.

Example 5.3 (Rocket car). Recall the formulation

0= (1))

as
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(g) = <2> =z, f(z,a)= <:22> :

and recall that aim was take rocket car to ¢ = 0,v = 0 in minimum time.
Denote the minimum time starting at x by u(x). Dynamic programming
principle:

Denote

uw) = nf ([ 1ds+ xgrmgulat)}

acA

The Hamilton-Jacobi-Bellman equation is now
0= n[ai{ll]{r(as, (L) + Du(w) ’ f(xva)}
ac|—1,

= min {1+ Du(x) - (z,0)}

. T2
1+D :
2,000 ()

= min {1+ zouy, (z) + aug,(z)}.
a€[—1,1]

6. EXISTENCE OF OPTIMAL CONTROLS

We denote

L =L*(0,t; R™) = {a : [0,t] = R™ : esssup |a(s)| < oo},
0<s<t
[laf[ o = esssup |a(s)] .
0<

8>

Definition 6.1. Let a;, a0 € L. We say that o; converges to o in weak* if

/Ot ai(s)-v(s)ds — /Ota(s) -v(s)ds

as i — 0o, for any v : [0,t] — R™ with fot lv(s)| ds < oo.

Theorem 6.2 (Alaoglu’s theorem). Let ||c||;0c < M < 00. Then passing
to a subsequence if necessary, there is a € L™ such that

/Ot a;(s) - v(s)ds — /Ota(s) -v(s)ds

as i — oo, for any v : (0,t) — R™ with fg lu(s)] ds < 0.

Definition 6.3. A point z € K is extreme, if there are no x,y € K and
A € (0,1) such that

z=Xx+(1-MNye K.
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Theorem 6.4 (Krein-Milman). Let ) # K C L be convez and let a; C K.
If, passing to a subsequence if necessary, there is a € L™ such that

/Ot a;(s)-v(s)ds — /Ota(s) -v(s)ds

as i — oo, for any v : (0,t) — R™ with fg |v(s)| ds < 0o, then K has at least
one extreme point.

We say that a control is of bang-bang type if (recall the rocket car exam-
ple) if for each time s € [0,¢] and i = 1,2,...m, it holds that

|i(s)] = 1.

Next we consider existence of the optimal bang-bang control in an exam-
ple.

Example 6.5 (Rocket car). Recall that the dynamics in the rocket car ex-
ample is of the form

2'(s) = Mxz(s) + Na(s),
z(0) = xo.

Next we sketch the proof that there exists an optimal bang-bang control.
Let

7 = inf{t : we can steer from xo to 0 in time t }.

We want to show that there is & steering from xg to 0 in time 7. After earlier
considerations, we take for granted that always T < oo, and by definition of
inf

t; — T+
as i — oo.

We can define o; = 0 aftert; so that all the controls are defined up to time
t1. By Banach-Alaoglu’s Theorem, Theorem 6.2, passing to a subsequence
if mecessary there is & so that o; converges in weak”.

Since by denoting X (s) = '™ it holds that (ex)

0= X(t)zo + X(t) [ X(—s)Na(s) ds

by weak* conv
N

0
X (F)z0 + X (7) /0 " X(—s)Na(s) ds

since fgl | X (—s)N| ds < oo, it follows that & is optimal. (This formula
tells if we can reach 0 from xzq in given time and control, and is based on
the theory of linear ODEs, see Evans’ lecture note.)

After verifying that set of controls steering to 0 in time T satisfies the
condition of Krein-Milman (ex, based on the above integral formula), we
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can show that there is optimal control of bang-bang type: Let a* be extreme
point of controls steering to 0 in time T (actually essentially o = & in this
particular example). Now we show that such extreme point is bang-bang.
Suppose that there is F C (0,7),|F| > 0 such that

a*<1l—e.

Now, choose p #0, |B| <1, =0 outside F', and
/ X~1(s)NB(s) ds = 0.
F

o* + e8] < 1.

It holds that

Thus since

X (F)ao + X(7) / X~1(s)N(a*(s) + £B(s)) ds

~ X(F)ao + X (7 </X S)Na*( ds+5/X SINB(s)d >:o

=0
also o + Eﬁ is admissible and steers to 0 in time 7. So is o* — ef3, and
(o +5B) $(a*—eB) = a*, which is a contradiction, since o* was extreme.
Thus a* must be of bang- bang type.

7. STOCHASTIC CONTROL THEORY

This section gives some ideas on the stochastic control theory. It is
strictly formal, for the backround and rigor, the stochastics courses are
recommended.

So far our dynamics has been given by ODE,
2(t) = f(a(t), a), t>0
z(0) = xo.

In many financial etc. phenomenons, there is however noise and stochastic
differential equations (SDE) are used as a model dynamics, for example,

X'(t) = f(X(t),A(t)) + noise t >0
and A is a control. Here X is an example of a stochastic process.

We skip the rigorous assumptions: roughly speaking, we need regularity
assumptions on f and measurability assumptions on A. Heuristically

A:[0,T] = K

is a mapping such that A(s) depends on the history/observations up to time
s.
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What incidence of history occurred can be indexed by sample point w € €.
Further, we need to assign sample space, events and their probabilities. This
is modeled by probability space

(Qv ]:7 P )7
where F (a o-algebra) is space of events and P a probability measure as-
signing probability P (A) on each A € F.

Random variables are usually denoted by capital letters and they are
defined to be measurable functions with respect to the F. This allows us
define the expectation as a usual integral

E[X] ::/QXdIP’.

A key concept is so called stochastic integral with respect to Brownian

motion W denoted
T
/ G dW.
0

This integral is being build on by approximating by step processes and sums
like

> Gr(W (sk41) — W (sk)).
k

A typical notation in SDE:s now reads as

dX(t) = f(t)dt + o(t) dW,
X(O) = X0

where f : [0,7] — R™ and o : [0,7] — R (we take o to be deterministic
scalar valued for simplicity). This means

t t
X(t) =xo +/ f(s)ds —|—/ o(s)dW (s).
0 0
Heuristically, Ito rule can looked through Taylor’s theorem. A difference
is that the Brownian motion is very ’curly’ or irregular and thus also higher

order effects add up. In 1D, assuming u is smooth,

du(X (1))

u' (X (1)) dX (t) + %u"(X(t))( dX)* +...

u' (X (t
=/ (X(t

V() dt +o(t)dW) + %u”(X(t))(f(t) dt +o(t)dW)? + ...
(f(t)dt + o(t)dW)

+ %u”(X(t))(fQ(t)(th + 2f(t)o(t) dt dW + o*(t)(dW (£))* + ...

Using dW? = dt and dropping the higher order terms, we obtain

du(X (1) = (W (X() () + %u”(X(t))aQ(t))) dt + /(X (1))o () dW.
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In the higher order case, where dX, dW = (dWh,..., dW,,) etc are vec-
tors. We use the rule

dt, i=j

dW; dW; =
/ {0, otherwise.

and get, also including time dependence for u,
du(X (1), 1)

= (X (1), 1) dt + Y g, (X (1) dX,(t) + % D g, (X(1)) dX; dX;
i @
= ut<X<t)7 t) + Z Ug; (X(t>)(fz(t) dt + U(t> sz(t>)

+ % Z Unyw, (X () (fi(t) dt + o dW;)(f;(t) dt + o (t) dW; (1))
]

o(t)’
2

= (X0t + Y ( (0, (X0 A0 + 1 (X(0.1)

%

) dt + o (t)ug, (X (1), 1) dWi(t)>

- (ut(X(t), £) + Du(X (1), 1) - F(1) + Au(X (1), t)U(Qt)2> dt + o () Du(X (1), 1) - AW (2).

7.1. Dynamic programming and connection to PDE. Consider the
controlled SDE

{dX(s) = f(X(5),A(s))ds + o dW(s), t<s<T

X(t) = .

We define the expected payoff

Pt~ [ U (X (), A() ds + oX (D))

and the value

u(z,t) = iléa Py (A)

=E [/tTr(X(s), A(s))ds + g(X(T))}

Let A be

Als) any control, t<s<t+h
S =
optimal, t+h<s<T.

Since the value u is the largest expected payoff, we have

t+h
u(z,t) > E [/t r(X(s), A(s))ds +u(X(t+ h),t +h)|.
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Thus
0>E [/t+h r(X(s), A(s)) ds} +E [u(X(t +h),t+h) —u(z, t)] (7.16)

Recalling Tto formula (replace A there by f) and writing with the integral
notation, we have
w(X(t+h),t+h)—u(X(t),1t)
2 t+h

t+h o
:/ (ut—l—Du-f—FAu?)ds—Fa Du - dW
t t

so that

E [u(X(t +h),t+ h) — u(a, t)]

t+h 0.2 t+h
E[/ (ut+Du'f+Au?)ds+o* Du-dW]
t t

t+h o2
E[/ (ut—i-Du-f%—Auz)ds}—i—aE[
t t

Combining this with (7.16), we have
t+h 0.2
OZE[/ (r+ut+Du-f+Au2)ds}
t

Assume that X(s) — x, A(s) — a as s — 0, f,r and u are regular, divide
by h and pass to a limit to get

0> r(z,a) + w(x,t) + Du(z,t) - f(z,a) + Au(m,t)U;. (7.17)

Since this holds for any control up to time ¢ + h and we expect equality
if taking sup over controls

t+h
0= supE [ / (r<x<s>, A(5)) + ue(X(s), 5) + Du(X(s), ) - F(X(s), A(5))
AcA t

[\

o

+ Au(X(s), 3)2) ds]
Thus there is a control s.t.

t+h
0| [ (FOX(6)AG) + (X (5):5) + DulX(3),5) - FX(3),A(5)

2

Assuming that X(s) = =, A(s) = a as s — 0, f,r and u are regular, divide
by h and pass to a limit we get

0 <r(x,a) +u(x,t) + Du(z,t) - f(z,a) + Au(z, t) — . (7.18)

+ Au(X(s), s>”2> ds] —.
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Since 1 > 0 above is arbitrary and recalling (7.17), we justified heuristically
that the value satisfies a PDE
ut(z,t) + sup{r(z,a) + Du(z,t) - f(x,a)} + Au(x,t) = 0.
acK
Remark 7.1. Now the highest order operator has no control dependence
since o was just a constant. This would change by choosing o with control
dependence.

Example 7.2 (Merton’s optimal portfolio selection problem). Nexzt we look
at Application 7.6 in Evans’ lecture note (done at lectures). As shown there
the solution to the corresponding HJB is of the form u(x,t) = g(t)x”, where
x reflects the wealth, and ~ is the power in the selected utility function for
consumption. Also g is explicitly given in Evans’ lecture note. The optimal
portfolio selection is

- —(R —1)ug
aq(x,t) = =
_ —(R=r)yar!
- o2zy(y — 1) 2
—(R—r)yz" !
- o?zy(y — 1)ar—2
—(R—r1)
T —1)
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