Global gradient estimates for degenerate parabolic
equations in nonsmooth domains

Mikko Parviainen,
Helsinki University of Technology
Institute of Mathematics
P.O.Box 1100
FI1-02015 TKK
Finland
Mikko.Parviainen@tkk.fi
7.11.2007

ABSTRACT. This paper studies the global regularity theory for degenerate non-
linear parabolic partial differential equations. Our objective is to show that
weak solutions belong to a higher Sobolev space than assumed a priori if the
complement of the domain satisfies a capacity density condition and if the
boundary values are sufficiently smooth. Moreover, we derive integrability es-
timates for the gradient. The results extend to the parabolic systems as well.
The higher integrability estimates provide a useful tool in several applications.

1. INTRODUCTION

Higher integrability questions have been extensively studied over the last few
decades. In this paper, we investigate the parabolic equations of the type

g—zb = div A(x, t, Vu),

where A(z,t, Vu) satisfies the well-known Carathéodory-type conditions and the
p-growth conditions. In particular, the results apply to the parabolic p-Laplace
equation

Ou _ div (|Vu|p_2 Vu) )
ot
with 2 < p < .

Weak solutions of the above equations locally belong to a slightly higher Sobolev
space than assumed a priori, as Kinnunen and Lewis proved in [19]. We intend to
show that this also holds globally, that is, up to the boundary. To this end, we
prove in Theorem 4.7 that the gradient of a weak solution satisfies a global reverse
Holder inequality. In contrast to the local case, the regularity of the boundary,
as well as the boundary and initial values, play a role in the proofs. We assume
that the complement of the domain satisfies a capacity density condition, which is
essentially sharp for our main results. In addition, the boundary values are assumed
to belong to an appropriate higher Sobolev space. Note, however, that the results of
this paper are already nontrivial for regular domains and smooth boundary values.

The proofs are based on Caccioppoli and Sobolev-Poincaré-type inequalities,
as well as on the self-improving property of a reverse Holder inequality. Due to
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nonquadratic growth conditions, the proofs apply intrinsic scaling and covering
arguments. One of the advantages of this method lies in the fact that it can be
employed to a wide variety of problems. Indeed, the proofs extend to parabolic
systems of the form

6ui
ot

although we consider the scalar case for simplicity.

Motivation for studying the higher integrability comes from applications to par-
tial regularity (see, for example, Giaquinta-Modica [13]) and stability questions, to
mention a few. On the other hand, the regularity properties of solutions are often
interesting in their own right.

The first higher integrability results apparently date back to a 1957 paper of
Bojarski, [5]. Later, Elcrat and Meyers proved the local higher integrability for
nonlinear elliptic systems in [9] (see also the monograph of Giaquinta [12]). In
[14], Giaquinta and Struwe studied the similar questions for systems of parabolic
equations with quadratic growth conditions. In addition, Arkhipova has considered
the global reqularity questions for parabolic systems, for example, in [3] and [4].
For recent higher integrability results, see Acerbi-Mingione [1]. See also Duzaar-
Mingione [8] for further parabolic regularity results and [7] for the corresponding
results of p-Laplacean type.

In [15], Granlund showed that an elliptic minimizer has the higher integrability
property if the complement of the domain satisfies a measure density condition.
Later, Kilpelainen and Koskela generalized the elliptic results to the uniform ca-
pacity density condition in [18]. For a good survey of the boundary regularity, see
Section 8 of Mikkonen [24]. Recently, it was shown in Parviainen [25] that parabolic
quasiminimizers with quadratic growth conditions have a global higher integrability

property.

=div A4;(z,t,Vu), i=1,2,...,N,

2. PRELIMINARIES
Let 2 be a bounded open set in R™, n > 2 and let p > 2. We study the equation

g—? = div A(z, t, Vu), (z,t) € 2 x (0,T), (2.1)

where u: Q x (0,7) =R, A: Qx (0,T) x R® — R", and A satisfies the following
conditions.
(1) (z,t) — A(z,t,€) is measurable for every &,
(2) &€+ A(z,t,€) is continuous for almost every (z,t),
(3) there exist constants 0 < o < § < oo such that for every € and for almost
every (x,t), we have A(z,t,€) - € > a|€|” and |A(x, t,€)| < B[P

As usual, WP(Q) denotes the Sobolev space of functions in LP(£2) whose first
distributional partial derivatives belong to LP(€2) with the norm

||’U’HW1=1D(Q) = Hu”LP(Q) + HVUHLP(Q) .

The Sobolev space W, ?(Q) is a completion of C§°(€2) in the norm of W?(Q).
The parabolic space LP(0,T;W1P(2)) is a collection of measurable functions
u(x,t) such that for almost every t € (0,7, the function x — u(x,t) belongs to
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WLP(Q) and the norm

T
lullze o rw 0y = (/0 [l o0 dt)

is finite. Analogously, the space LP(0,T;W,"*(Q)) is a collection of measurable
functions wu(z,t) such that for almost every ¢t € (0,7'), the function x — u(x,t)
belongs to W, *(£2) and

1/p

||U||Lp(o,T;W1,p(Q)) < 0.
The parabolic Sobolev space W12(0, T; L2(2)) is defined as
Wh2(0,T; L*(Q))
Oy

={p e L*(0,T; L*(Q)) : s

€ L?(0,T; L*(Q))}

with the norm

¢
llellwaz0,m;20)) = el L20,m02(0)) + H ot

L2(0.75L2(@)
Finally, the space C([0,T]; L?(£2)) comprises all continuous functions u : [0,T] —
L?(Q) (that is, u is continuous with respect to ¢ in the norm || - |l12(0)) such that
L2 = 2 < 0.
Hu”C([O,T],L Q) tf%‘);] lu(, )l Q) <>

A function u belonging to the space L¥ (0,T; I/Vlof(Q)) is a weak solution to
(2.1) if

/ / o dacdt—i—/ /Ax t,Vu)-Vodrdt =0, (2.2)

for every ¢ € C5°(2 x (0,T)).

There is a well-recognized difficulty in proving Caccioppoli-type estimates for
weak solutions: One often needs a test function depending on u itself, but u may
not be admissible. For example, the time derivative of the test function contains
8t , which does not necessarily exist as a function. There are several ways to treat
this difficulty: We may, for example, use the Steklov averages, as on page 25 in
DiBenedetto’s monograph [6], or we may use the standard mollifications. Here we
adopt the latter approach and set

B, 1) = / ot — 5)Co(5) ds

where ¢ € C§°(Q2 x (0,7)) and ((s) is a standard mollifier, whose support is
contained in (—e,¢) with e < dist (spt(¢),Q x {0,7}). We insert ¢ into (2.2),
change variables and apply Fubini’s theorem to obtain

/ /ua—dz—l—/OT/QA(a:,t,Vu)E-qudz:o. (2.3)

Here u. and A(z,t, Vu). denote the standard mollifications in the time direction.
We finish this section with notation used throughout the work. Let

D=Qx(0,T)



4 Mikko Parviainen

be a space-time cylinder. We denote the points of the cylinder by z = (z,t) and
employ a shorthand notation dz = dz dt. Let zg = (xg,t0) € D and 6, p > 0. Then
we denote

Bpy(zo) ={z € R" : [z —xo| < p},

B, (o) = {w € B" : |z — a0 < p}
and ) 1

Agp2(to) = (to — §9p2, to + 5tﬂ)pQ).
Further, a space-time cylinder in R™*! is denoted by

Qp,002(20) = Q002 (0, t0) = Bp(xo) X Agp2(to).
When no confusion arises, we shall omit the reference points and simply write B,
Agp2 and @, 9,2. The integral average of u is denoted by

up(t) = ]{B u(z,t)dz = ﬁ /Bp u(z,t) dz,

P
where |B,| denotes the Lebesgue measure of B,. Finally, ¢’ sometimes denotes the
time derivative of ¢ instead of %—f.

3. ESTIMATES NEAR THE BOUNDARY

In this section, we derive estimates near the lateral boundary 92 x (0,T). These
estimates are applied in Section 4 in order to prove a reverse Holder inequality.

A Lebesgue-type initial condition and a Sobolev-type boundary condition turn
out to be convenient for our purposes. To be more specific, we say that u is a global
solution if u € LP(0,T; W1P(Q)) satisfies (2.2) as well as the initial and boundary
conditions:

u(-,t) — (-, t) € Wy P(Q) for almost every ¢ e (0,T)
and

1 h
E/ /\u—<p|2dxdt—>0 as h — 0,
0o Jo

o € WH2(0,T; L2(2)) N LP(0,T; WHP()).
Observe that already smooth ¢ leads to a nontrivial theory. We start with a
Caccioppoli-type inequality.

(3.1)

for a given

Lemma 3.2 (Caccioprorl). Let u be a global solution with the boundary and initial
conditions (3.1). Let 6 > 0, suppose that 0 < p < M for some M > 0, and let
Qp.0p2 = Qp0p2(w0,t0) C R, Then there exists a constant ¢ = c(n,p, M, o, 3) >
0 such that

/ [VulP dz +  esssup / lu — | dz
Q, 5,2ND t€Ay,2N(0,T) J B,NQ

p,0p
<= / |u—so\2dz+—c/ Ju— lP dz
0p* Jq 2ND PP Jq
4p,0(4p)

ap,0(2p)2ND
+ c/ fPdz,
Q

14p,0(4p)2ND

where D = Q x (0,T) and f = (\cp’|p/(p_1) + |V<p|p)1/p.
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Proof: We may assume that Q,g,2 N D # () since otherwise the claim is trivial.
Let t1 € Ag,2 N (0,T). We define Xg,tl (t) to be a piecewise linear approximation of
a characteristic function such that

Xby, (1) =1 as h<t<t;—h,

Xg,tl(t):O as t<h/10 or t>t; —h/10,

and

10
0 0] < 57

Further, denote by Xg”fl (t), ue and @, the standard mollifications in the time
direction for € < h/20. We choose a test function

P (,t) = 0" (z,t)(us(2,t) — @E(xvt))xg:ti (t),

where 1 € C§°(R"1) is a cut-off function such that sptn C Quap,o(ap)2, Nz, t) =1
in Qpp2,0<n<1,and

p |Vl + 6p

an
l<e )
(’%‘ c (3.3)

The mollification in the time direction does not affect the lateral boundary values,
and thus ¢.(-,t) € W, P(Q) for almost every t € (0,T).

To begin with, we insert the test function into (2.3) and manipulate the first
term to have

. /D wad! dz = /D (e — )l dz — /D ot dz. (3.4)

By integrating the first term on the right hand side of (3.4) by parts, we obtain
- [ e poot
D

1 /
= — /D ((ue — )2 (1Pxes, ) dz + 5 [(ue = ©e)?] n”xfi’i) dz
1
= D) /D(ue - @6)2(771)963:;)/ dz.

As a next step, we take limits, apply the initial condition, and use the well-known
convergence properties of mollified functions. We deduce for almost every t; €
A(.)pz N (0,T) that

1 _
—/ (ue — e )P dz— — 5/ lu— @ *prP =1y dz
D QX(O,t])
1
4y [ lutet) = ol t) PP (o) do,
Q
as first ¢ — 0 and then h — 0. Because we take the limits in this order, the mol-

lifications are well defined. Observe also that the initial boundary term disappears
at t = 0 because of the initial condition.
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Then we combine the previous estimates, integrate the last term of (3.4) by
parts, and obtain

1 _
7/ UEQS/E dz — — 5‘/ |’LL _ 90|2p7lp 177/ dz
D QX(O,tl)

1 2 p
+3 [ (uat) = ol )PP (o) da

+ / o' (u— ) dz,
Qx(0,t1)

as first € — 0 and then h — 0.
Inserting the test function into the second term of (2.3) implies

/ A(z,t,Vu)e -V (np(ug — @E)ngl) dz
D
-

Az, t,Vu) - [pnP ' Vn(u — @) + 177 (Vu — V)] dz,
QX(O,tl)

as first € — 0 and then h — 0.
Collecting the facts, we arrive at

1
/ nPA(z,t, Vu) - Vu dz + —/ lu(x,t1) — @(x, t1)|*nF (z, 1) do
Qx(0,t1) 2 Jgo
1 _
<5 [ meePmrtilass [ el glas

X(O,tl) X(O,tl) (3.5)

[ At Va9 ¢l ds
QX(O,tl)

+/ Az, £, V)| P [ V| de.
Qx(0,t1)

In view of our hypotheses on A, the first term on the left hand side satisfies the
inequality

a/ n? |Vul’ dz < / nP Az, t,Vu) - Vu dz.
Qx(0,t1) Qx(0,t1)

Since p < M, there exists a constant ¢ > 0 such that 1 < ¢/p?, where ¢, of course,
depends on M. Consequently, Young’s inequality implies

/ &Pl — ] dz
QX(O,tl)

<ef PO Vwase o [ e lras,
Qx(0,t1) PP Jax(o,tr)

where the constant depends on M and £ > 0. Next we estimate the third term on
the right hand side of (3.5). Young’s inequality and the structural assumptions on
A lead to

[ A Sl Vil s
QX(O,t1)

< 5/ |Vul? n? dz—i—c/ IVnl? |u — ¢|? dz.
QX(O,tl) QX(O,tl)
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A similar reasoning allows us to estimate the fourth term on the right hand side of
(3.5) as

/ Az, t, Vo) | 77 [ V| dz
QX(O,tl)

< 5/ |Vu|p77pdz+c/ n’ | Vel? dz.
Qx(0,t1) Qx(0,t1)

Let us then estimate the second term on the left hand side of (3.5). We can choose
t1 € Agp2 N (0,T) such that

1
— esssup / lu — @|*nP dz
teAy,2N(0.T) J B,nQ

< | Ju(z,t1) — o(z, t1)[PnP (2, t1) da.
Q

Finally, we combine the above estimates with (3.5) and choose € > 0 small enough

to absorb
6/ n? |Vul? dz
QX(OJl)

into the left hand side. Since n satisfies condition (3.3), we obtain the claim. O

The regularity of the boundary plays a role in the global higher integrability.
In this paper, we assume that the complement of the domain satisfies a uniform
capacity density condition.

Let 1 < p < 0o. The wvariational p-capacity of a compact set C' C € is defined to
be

cap,(C,Q) = inf/ |Vg|? dz,
9 Ja

where the infimum is taken over all the functions g € C§°(2) such that g =1in C.
To define the variational p-capacity of an open set U C 2, we take the supremum
over the capacities of the compact sets belonging to U. The variational p-capacity
of an arbitrary set E C 2 is defined by taking the infimum over the capacities of
the open sets containing F. For further details, see Chapter 4 of Evans-Gariepy
[10], Chapter 2 of Heinonen-Kilpeldinen-Martio [17], or Chapter 2 of Maly-Ziemer
[22].
A set E C R” is said to be of p-capacity zero if

cap,(ENU,U) =0

for all open U C R™. For the capacity of a ball, we obtain the following simple
formula

cap, (B, Ba,) = cp" " F, (3.6)
where ¢ > 0 depends only on n and p.

Let us now introduce the capacity density condition which we later impose on
the complement of the domain. For the higher integrability results, this condition
is essentially sharp as pointed out in Remark 3.3. of Kilpeldinen-Koskela [18] in the
elliptic case.

Definition 3.7. A set E C R" is uniformly p-thick if there exist constants i, pg > 0
such that

Ca'pp(E ﬂgp(x),ng(x)) > ucapp(Fp(a:), ng(x)),
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for all x € F and for all 0 < p < pg.

If we replace the capacity with the Lebesgue measure in the definition above,
then we obtain a measure density condition. A set F, satisfying the measure density
condition, is uniformly p-thick for all p > 1. If p > n, then every nonempty
set is uniformly p-thick. The following lemma extends the capacity estimate in
Definition 3.7.

Lemma 3.8. Let Q be a bounded open set, and suppose that R™ \ Q is uniformly
p-thick. Choose y € Q such that B%p(y) \Q #0. Then there exists a constant

i = f(p, po,n,p) > 0 such that
Capp(§2p(y) \ Q, By,(y)) = ﬂcapp(§2p(y)a Bup(y))-

Proof: Since ng(y) \ Q # 0, we may choose = € R™ \ Q such that dist(z,y) < 2p.
Then
Biy(y) C By (@) and By, (x) C Bay(y).

and hence, due to the properties of the capacity, we obtain

cap, (Bap(y) \ ©, Buy(y)) > cap, (B2, (y) \ @, B(144),(7)) (39)
> cap, (B, (1) \ 2 Bs ., ().
Lemma 2.16 of [17] provides the estimate
Capp(Egp(x) \ Q’ B(%+4)p(x)) > ccapp(E%p(x) \ Q?-B%p(x))

Since € is bounded, the uniform p-thickness condition holds for every p and thus

capy(By,(2) \ 0 By (@) > ccap,(By, (@), By (). (3.10)
According to (3.6), there exists a constant ¢ > 0 such that

cap, (Bz,(x), B1,(x)) > ccap,(Bap(y), Bap(y))- (3.11)

A combination of (3.9), (3.10) and (3.11) implies the result. O

A uniformly p-thick domain has a deep self-improving property. This result was
shown by Lewis in [21]. See also Ancona [2] and Mikkonen [24].

Theorem 3.12. Let 1 < p < n. If a set E is uniformly p-thick, then there exists
a constant ¢ = q(n,p, 1) such that 1 < g < p for which E is uniformly q-thick.

A uniformly g-thick set is also uniformly p-thick for all p > ¢. This is a simple
consequence of Holder’s and Young’s inequalities.

Next we formulate a well-known version of the Sobolev-type inequality. For
the proof, see Hedberg [16], Chapter 10 of Maz’ja’s monograph [23] or Lemma 3.1
of Kilpeldinen-Koskela [18]. Later, we combine this estimate with the boundary
regularity condition and obtain a boundary version of Sobolev’s inequality.

The lemma employs quasicontinuous representatives of the Sobolev functions.
We call u € WHP(Q) p-quasicontinuous if for each ¢ > 0 there exists an open set
U, U C Q C Bpr, such that cap,(U, Bar/) < €, and the restriction of u to the set
Q\ U is finite valued and continuous.

The p-quasicontinuous functions are closely related to the Sobolev space
WbP(Q): For example, if u € W1P(Q), then u has a p-quasicontinuous repre-
sentative. In addition, the capacity can be written in terms of quasicontinuous
representatives.
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From now on, we only consider the case p < n for simplicity. This restriction
is only technical and in this way, we avoid repeating essentially the same proofs
with more complicated powers emerging from the different versions of the Sobolev-
Poincaré inequalities.

Lemma 3.13. Suppose that q € (1,p) and that uw € W'4(Bs,) is g-quasicontinuous.
Denote

Np,(u) ={z € B, : u(z) =0}

and choose q € [q,q*]|, where ¢* = qn/(n — q). Then there exists a constant ¢ =
c(n,q) > 0 such that

Va 1/q
i c
ul?dz < / [Vl dz .
(£ )< (i f, 7o)

The above estimate also holds if the powers on the both sides are replaced by p.

Lemma 3.14. Suppose that u € WP (Ba,) is p-quasicontinuous and let Ng, (u)
be as above. Then there exists a constant ¢ = c¢(n,p) > 0 such that

1/p 1/p
c
ulP da < / VulP dz )
(Ji i ) <capp<NB,,<u>,sz> i )

In order to derive a reverse Holder inequality, we estimate the right hand side of
Caccioppoli’s inequality in terms of the gradient. A natural idea is to use Sobolev’s
inequality, but there is a principal difficulty in the parabolic case: We assume little
regularity for a weak solution u in the time direction, and Sobolev’s inequality is
not applicable in space-time cylinders as such. Nevertheless, weak solutions satisfy
the following parabolic Sobolev’s inequality.

2p 2p

Lemma 3.15 (pArRABoLIC SOBOLEV). Let u be a global solution with the boundary
and initial conditions (3.1). Suppose that R™\Q is uniformly p-thick. Let 6 > 0 and
choose Q002 = Q.02 (T0,t0) C R™ such that Ba,(z0) \ Q # 0. Further, choose
M such that p < M. Then there exists a constant ¢ = c¢(n,p, M, i, po, o, 3) > 0 so
that

ess sup / lu — | dz
t€A,,2N(0,T) JB,NQ
< Cpn+2 ;
|Q4Pv‘9(4f’)2| Qup0(ap)2ND

—|—c/ |V(u—<p)|pdz+c/ fPdz,
Q

Qup0(ap)2ND
where f = (|go’|p/(p_l) + |Vg0\p)1/p.

2/p
IV(u—o)? dZ)

14p,0(4p)2ND

Proof: In order to prove the claim, we estimate the right hand side of Caccioppoli’s
inequality by applying Lemma 3.14 and the uniform capacity density condition.
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Lemma 3.2 provides the estimate

ess sup / lu — | dx
t€A,,2N(0.T) J B,nQ

C C
< 9—2/ lu—l*dz+ — lu—¢l?dz (3.16)
P Qupop)2ND P Qup 042D

+ c/ fPdz.
Qup,0(ap)2ND

We extend u(-,t) — (-, t) by zero outside of Q and use the same notation for the
extension. For a given t, we denote

Np,,(u—¢) ={z € By, : u(z,t) — p(z,t) = 0}.

We estimate the first term on the right side of (3.16) by using Hoélder’s inequality
and Lemma 3.14. Consequently,

c
0,2 / u—p|*dz
P Qup004p2ND

2/p
¢ i 1 p
S92 P = lu—ePde| at
Op Ag(ap)2N(0,T) |B4p| Ba,
2/p

[V (uw— )P dx) dt.

cp” 1 /
<75
Op Agap)2M(0,T) Capp(Nsz (u - 90)7 B4p) B

Since R™ \ © is uniformly p-thick and B 4 »(20) \ Q # 0, we conclude by Lemma 3.8
and (3.6) that

4p

cap,(Np,, (u — @), Bay(x0)) > ficap,(Bay (o), Bay(o)) = cp" P

for almost every t € [0,T]. Notice that this estimate still holds true if we redefine
u(-,t) — ¢(-,t) in a set of measure zero in 2. Next we merge the estimates and

obtain
c
| oo
P Q4p,9(4ﬁ)2nD
2/p
1
corn (L Ve-graz)
’Q4p70(4p)2’ Qup,0ap2MP

A similar calculation can be repeated for the second term on the right hand side
of (3.16), and thus the result follows. O

One of the difficulties in proving the main result is the fact that both powers 2
and p play a role in the above inequalities. For example, if we simply divide the

term

c

- lu— " dz

PP Qup0(4p)2ND
into two parts as in the quadratic case (see Giaquinta-Struwe [14]), powers do not
match. Therefore, we derive a Sobolev-type lemma which takes both powers into
account. We again work out the proof in the case p < n for simplicity.
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Lemma 3.17. Let u be a global solution with the boundary and initial conditions
(3.1). Suppose that R™ \ Q is uniformly p-thick. Let § > 0 and choose Q, 9,2 =
Qp.002(T0,t0) C R such that Bi,(0) \ Q # 0. Then there exist constants

Gd=q(n,p,p) <p and c = c(n,p, 1, po) > 0 such that
1

|Q4p,9(4p)2| Qupo(ap2nD

. i a/q
< (7 IV(u—¢)|? dz>

|Q4p79(4p)2| Qup,0(4p2ND

a/n
- ess sup / lu — | dz ,
t€AG(4,)2N(0,T) J B4pNQ

Proof: The proof is based on Holder’s and Sobolev’s inequalities. We set

v(a,t) = u(z,t) — p(z, )],

and employ Holder’s inequality to obtain

/ vP dx :/ 02P/(2+n) p—2p/(241) 4,
Ba4,NQ Bap,NQ

q/n a/q"
< / v dz / v? dx ,
B4p nQ B4p nQ

where ¢* = gn/(n — q) = np/(n + 2 — p). Observe that ¢* is well defined provided
that p < n + 2. This condition is satisfied since we assumed that p < n.

We extend v(+, t) by zero outside of Q2 and use the same notation for the extension.
Let ¢ > ¢ to be fixed later and set ¢* = gn/(n — ¢). Furthermore, for a given ¢,
denote

[u— ¢l dz

where ¢ =pn/(n+ 2).

Np,,(v) ={x € By, : v(z,t) = 0}.

According to Holder’s inequality and Lemma 3.13, we get

q/q"
< cpm?/T < ! v? dx) (3.18)

) q/q
< cpnt/d” / vol? dz .
=P <Capq(Nsz(U)aB4p) B4p| | )

Notice that the assumption ¢ < p < n is used here. In the case ¢ > n, we should
use a different version of Sobolev’s inequality.

To continue, we would like to use the uniform capacity density condition, but
this is not immediately possible since § < p and since we only assumed that the
complement of a domain is uniformly p-thick. Nevertheless, Theorem 3.12 asserts
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that the density condition satisfies the self-improving property. This, together with
Lemma 3.8 and (3.6), implies

Caprj(NBQp (U - QO), B4/J) Z Iacapq(EQKN B4P) = Cpniqa

for almost every t and for large enough ¢ < p. We combine this capacity estimate
with (3.18) and conclude that

a/q" a/q
(/ 0! dm) <cp" <][ |Vl da:) .
B4pﬁﬂ B4p

Collecting the estimates, we arrive at
1

‘B4P| B4pﬂD

q/n 1 a/q
<c / v? dx —_— |Vo|?da .
B4p |B4P| B4pﬂD

The claim follows by integrating this estimate with respect to time and using
Hoélder’s inequality. O

vP dx

4. REVERSE HOLDER INEQUALITIES

In this section, we derive a reverse Holder inequality for the gradient of a solu-
tion near the lateral boundary and show that this inequality has a self-improving
property. We first apply the estimates from the previous section in scaled space-
time cylinders and later use covering arguments to extend the results to general
cylinders. The scaling takes both the nonlinearity and the boundary effects into
account.

Lemma 4.1 (REVERSE HOLDER). Let u be a global solution with the boundary and
initial conditions (3.1). Suppose that R™ \ Q is uniformly p-thick. Let A > 0, set
0 = N>7P, and choose Q0,2 = Qp0p2 (20, to) C R™™ such that Ba,(zo) \ Q@ # 0.
Further, choose M such that p < M and suppose that there exists a constant ¢; > 1
for which

< ;/ (IVul + f7) dz
|Qp,9p2| Q,0,2ND (4.2)

a (IVul” + ) dz < AP,

P
|6220p79(20p)2 | onp,e(zop)2 nD

where f = (|Ve|” + '[P/ P~ )1/p. Then there exist constants ¢ =
C(n,p, Cl?/”'apf)?M)avﬁ) >0 and q= C](n,p, IU/) <p such that

1
_t / IVul? dz
| Q20p.0(200)2 | Qp,002ND
p/q
c _
< (— Wdz)
|Q4p,0(4p)2| Qup0(4p)2N P
C

+ fPdz.

’Q4p,9(4p)2 ’ Q4p=9(4p)2 NnD



Global gradient estimates 13

Proof: The idea in the proof is to estimate the terms on the right hand side of
Caccioppoli’s inequality with the gradient by using the parabolic and capacity ver-
sions of Sobolev’s inequality. The scaling of the time direction is used in absorbing
the additional terms into the left.

Recalling Lemma 3.2, we have

ot )
|Qp,«9p2 ’ Q

S -
0% |Qup0(4p)2| Qupooap2D
C

p,0020D

(|VulP + f7) dz
g Ju— ¢l? dz

. lu—¢l”dz
pr |Q4p79(4p)2| Qup0(ap2nP

C

+ fPdz.

’Q4p,0(4p)2 ’ Q4p,9(4p)2 NnD

Since p > 2 and # = A\?27P, we may estimate the first term on the right in terms

of the second by using Hélder’s and Young’s inequalities. We conclude that
c
9210, il lu— @‘2 dz
P ’Q4p,9(4p)2’ Qup 0(apy2ND

1 2/p
< AP <— e dz> Y
pP ’Q4p,9(4p)2} Qup,0(apy2ND

c

< Ne + lu — ¢|? dz,

PP ‘Q4p,9(4p)2 ‘ Qup.o(ap2ND

and hence it is enough to estimate the second term on the right hand side of (4.3).
In view of Lemma 3.17, there exists a constant ¢ < p such that

1

Qup0ap2| JQu, 402D

q/q
g(——i—— |VW¢Wd§ (4.5)

|Qup.0(4p)2]| Qupo(ap2 D

qa/n
: €ss sup / lu — | dz .
tEAG (4,2 N(0,T) /By,

Furthermore, Lemma 3.15 allows us to estimate

€ess sup / lu— o? da
€A g 4p)2N(0,T) J Bayn©2
1 2/p
< cpt? (— V(u— @)pd2> (4.6)

|Q16p,0(16p)2 | Q1690016920 D
-l-c/
Qi6p,0(16p)2MND

S Cpn+2>\2,

u— " dz

|V(u—g0)|pdz+c/ fPdz

16p,6(16p)2 D
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where we also used assumption (4.2) and the scaling § = A\?~P.
Young’s inequality, (4.5) and (4.6) imply

e lu—l"dz

PP |Qapocapy2| Jay, 4appenD

q/q
c 1 G n /n
et V(u—so)qd2> (ot
PP\ | Qup,0(ap)2| Qupo(ap2D

p/q
g(-i;—- |V@¢Wd% e,

‘Q4p,9(4p)2 | Qup,00ap)2ND

since p=? = p~("+2)4/n We combine the previous estimate with (4.3) and (4.4).
Thus, we deduce

1
|Q 0 2| /Q nD (|VU|p +fp) @
p,0p 2

P,0p
p/q
g%v+<—_£__ WW_¢Wd%
{Q4p79(4p)2} Qup,o(ap)2ND
i c fPdz.

‘Q4p,6(4p)2 ‘ Qup,00ap)2ND

By assumption (4.2), we have

v [ (vl )
|Qp70p2| Q,0p2ND

and, as a consequence, we can choose ¢ > 0 small enough to absorb 2¢\P into the
left hand side. Finally, since (4.2) implies

1

|Q20p,0(20p)2 | onpﬁe(zop)QmD

< o] /Q (IVul? + f7) dz,

2ND

p,0p

[Vul|P dz

p,0p
we have proven the claim. O

Next we prove that the reverse Holder inequality has a self-improving property.
In the case p = 2, we can use the well-known Giaquinta-Modica lemma, which can
be found from Giaquinta-Modica [13] or from Giaquinta [12]. See also Gehring [11],
Stredulinsky [27] and Giaquinta-Struwe [14]. Since now p > 2, we follow a different
strategy: We split the space-time domain into scaled cylinders so that the reverse
Hoélder inequality holds in each of them.

We say that Q4 (ar)2(70,to) intersects the lateral boundary if

Qur,(ary2 (To, to) N (02 x [0,T7) # 0,

and that Q4r,(4r)2 (70, to) intersects the initial boundary if

Qar,ar)> (o, to) N (2 x {0}) # 0.
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Furthermore, we denote
VE(0.7;9)
={pe Wl,p/(p*1)+6(0’T; LP/(P*1)+5(Q)) N LPH(0, T; WP (Q))
p € C([0,T]; L*(2)), ¢(-,0) € WHT2(Q)},
where 6 > 0 and ¢ = pn/(n + 2).

Theorem 4.7. Let u be a global solution to (2.2) satisfying the boundary and initial
conditions (3.1) for a boundary function

@ € VE(0,T;9),

where § > 0. Suppose that R™ \ Q is uniformly p-thick and that R < M for
some M > 0. Choose Qrpz = Qrpr2(zo,to) C R such that Q4R,(4R)>
intersects the lateral and initial boundaries. Then there exist constants g =
eo(n,p, M, 6, po, i, cx, ) > 0 and ¢ > 0 with the same dependencies such that for all
0 <e <eg, we have

X 1/(p+e)
- [VulP*e dz
|QR,R2| Qpr,g2ND
. - 1/(g+e)
S fq Ed.ﬁ)
<B4R| BirnQ
1/(p+e)
c

A (IVul? + £7+°) dz

|Q4R,(4R)2| Qur,(am2ND

+ <; (|Vul’ + f7) dz) ,
|Q4R7(4R)2| Qur, (ar)2ND

where o = (2 + 5)/(2(17 + 5))} q = pn/(n + 2)} f = |VQD(£L',O)‘, and f = (‘VQMP +

‘<p/|p/(p—1))1/:0'

Proof: The proof consists of several steps. First, we cover the space-time cylinder
with smaller Whitney-type cylinders. By using the Whitney cylinders, we are
able to derive estimates with constants independent of the location. Then we
divide the space-time cylinder into a good and a bad set. In the good set, the
function |Vu|” is in control by definition, and in the bad set, we can estimate
the average of the gradient by using the reverse Holder inequality. The Calderén-
Zygmund decomposition is usually applied for this but here we use a different
strategy which seems to work better in the parabolic setting with general growth
conditions. Finally, we obtain the higher integrability by using Fubini’s theorem.

We denote Qo = Qug,r)2(20) = Qur,ar)>(Zo,to) and divide Qo into the
Whitney-type cylinders

Qi = Qri,r?(yini)a i=12,...,

where r; is comparable to the parabolic distance of Q; to the Q) (see, for example,
page 15 of [26]). Parabolic distance is defined to be

dist, (B, F) = inf {|x — T+ t—FV? : (2,t) € B, (7,7 € F} .
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In addition, cylinders @; are of bounded overlap, meaning that every z belongs at
most to a fixed finite number of cylinders, and

QSri,(Sri)z - QO-

The next step is to divide Qg into a good and a bad set. We aim to choose the
scaling A > 0 so that condition (4.2) holds in the cylinders having a center point in
the bad set. To this end, set

1 1/2
o= (g [ awaremaz)
|Qol Jgonp

and choose A such that
A > max(\), 1) = Ao.
For (z,t) € Qo N D, we define
1 .
h(z,t) = —7 mln{\Qi|1/2 Dz, t) € Qi} [ Vu(z, t)],

C2 |Q0|

where co > 1 is fixed later. Further, choose (Z,) € D such that
h(Z,t) > A

and fix Q; for which (Z,%) € Q; N D. We define

o= alid) — |Qol

and
0 =\2PalmP/2,

If (#,%) belongs to many Whitney cylinders, any of them will do.
Next we show that the second inequality in condition (4.2) is valid due to the
definition of A. For Q,.¢,2 = Q,.,2(%,1), r;/20 < r < r;, we obtain

1
7/ (|Vul’ + fP) dz
’Qr,9r2| Q,. 9.2ND

r,0r

< c|@Q] 1
Q40 1Qol Jgonp

< CQPQP/ZAP’

(|[Vul’ + f7) dz

where c¢; is chosen to be large enough. The first inequality in (4.2) will be valid for
small cylinders due to Lebesgue’s differentiation theorem. We arrive at

1
lim —/ (|VulP + fP) dz > coPa?/?P,
' —0 ‘Qr’,GT’Q Qr’,ar’z (575)

which holds for almost every (Z,t) € Q; N D such that h(Z,t) > A. An appropriate
version of Lebesgue’s differentiation theorem is proven in Zygmund [28].

Observe that the integral above is continuous with respect to r. Furthermore,
the integral is less than or equal to co?a?/2)\P for all r, r;/20 < r < r;, and greater
than coPaP/2)\P for r small enough. Thus, there exists p1, 0 < p1 < r;/20, such
that the integral equals co?a?/2\P if r = p,. Moreover, for all larger values of r, the



Global gradient estimates 17

integral is less than or equal to ca?a?/2)\P. Consequently, there exists a constant
¢ > 1, independent of the location, such that

ctaP/2\p
1
< — (|Vul’ + ) dz
’Qplﬂp% Qpl-ﬂp%mD (48)
L S— (|Vul? + fP) dz < PaP/2 )P,

|Q2001.62001)2] S @0y, 02001200

A similar reasoning implies that there exists p2 < p1, 0 < po <1;/20, such that

ctaP/2)\P < !

< |Vu|P dz
szﬂﬂ%

pzﬁp%mD

Q

(4.9)

C

< |Vul? dz < 2a?/2\P,
|Q20P2,9(20P2)2| Q20p2,9(20p2)2r"D

At this point, we remark that a,A > 1, and, therefore, § < 1 as well as
Q20p,,0(20p1)2 C Qo-

If \ is replaced by a!/2), then (4.8) shows that condition (4.2) in Lemma 4.1
holds with p; whenever h(Z,) > A and, further, 0p% = (a/2X)>7Pp?. If B, () \
Q # (), then Lemma 4.1 implies

1
_— / |VulP dz
)Qplﬂpf Q 3nD

p1,0p7

p/q
B <7 IV’ dz) (410)
’Q4p1,9(4pl)2| Qupy,00ap)2ND

c

+ frdz,

’Q4ﬁ1,9(4/)1)2 | Qupy,0(app)2ND

for some ¢ < p.

Assume then that Ba (Z)\ Q@ = 0 and denote ¢ = pn/(n + 2). If Q1 s 0(Z pa)?

does not intersect the initial boundary, we obtain a local result

1

L Vul? dz
‘QP2,9/J§ szﬁpgnD
p/a
—1
<c||Qzpmotgor |Vul? dz (4.11)
%/J%W%@)ZHD

p/q
. _
<l —-— |Vu|q dz )
’Q4p2,0(4p2)2‘ Qupy,6(4p9)2ND

where Holder’s inequality was applied in the last step. For the proof of the local
result, we refer to Lemma 3.4 in Kinnunen-Lewis [19].



18 Mikko Parviainen

If B%pz(i) \ Q=0 and if Q%pzﬁ(%
obtain an initial boundary estimate
1

7/ |Vul’ dz
)QPL@% Q"%"P%mD

p/q
< (C V| dz) (4.12)

|Qupa,0040202] Qs yiay,y2nD

p/q
Y - fidx ,
|B4P2 ‘ B4p2 nQ

where f = |[V(x,0)|. Due to our assumptions on the initial values, the last term
is well defined. Estimate (4.12) can be derived in much the same way as the local
result in [19] since (4.9) is available. In order to avoid lenghty and partly repetitious
calculations, we omit the further details.

Let us now return to the case B, (@) \ 2 # 0. From (4.8), we obtain

pp)2 intersects the initial boundary, then we

cINP
1 —p/2
< WP a R az
’Qplﬂpf Qm-ﬂp%mD (413)
< c (hp + ofp/pr) dz < NP,

|Q20p1,9(20p1)2 | Q20p118(20p1)2 NnD

since the volumes of all the Whitney cylinders intersecting Q20,, 6(200,)2 are com-
parable. In view of (4.10) and (4.13), we have

1
‘Q2091,9(20P1)2| R20p,,6(20p1)20D
p/q
< <; ha dz) (4.14)

|Quprocap2| Jay,, oiap2nD

c

hP + Ofp/2fp dz

- Ofp/2fp dz.
|Q4F’179(4P1)2| Q4p119(4p1)2mD

Next we decompose Qg into level sets. We define
GA) ={(z,t) € QoN D : h(z,t) > A}
and
G\ ={(z,t) e QoND : f(x,t) > A}

Since h(z,t) > X in G(X), we can later use the previous estimates in G(A).
Observe that

h(z,t) <nX whenever (z,t) € (Qup,,0(4p,)2 N D)\ G(nA),
and
f(z,t) <nA whenever (x,t) € (Qup, 0(4p,)2 N D)\ G(n\).
Furthermore, since
a P = (|Qil /1Qu)"* < 1,
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we obtain by (4.14) that
1

—_— (hp + ofp/2fp) dz
|Q2Op1,9(20p1)2| Q2Op1,9(2091)2ﬂD
p/q
c _
< enPAP + ( ha dz) (4.15)
|Q4ﬂlv‘9(4l)1)2| Q4p1,e(4p1)2mG("7)‘)

¢ fPdz.

+ -
|Qupr, 00402 | Jas,, aapyy2nG

By Hoélder’s inequality and (4.13), there exists a constant ¢ > 1 such that

1 (p—3)/q
( ha dz) < el (4.16)

‘Q4P1,9(4P1)2 ’ Qupy,0(apy)2ND

To continue, we choose i > 0 small enough to absorb the first term on the right
hand side of (4.15) into the left. This is possible due to (4.13). We combine the
result with (4.16), multiply by |Q20p1,9(20p1)2| and get

/ hPdz < eAP™ / hidz
Q

20p1,0(20p1)2 D Qup, 0(4p1)2NG(NA)

(4.17)
+c ) fPdz.
Qupy 0(4p1)2NG(MN)

If B%m(:f) \ Q= @ and if Q%pz,e(
then we obtain a local version of the above estimate by using (4.9) and (4.11).

Consequently,

J

Ipy)2 does not intersect the initial boundary,

hPdz < AP / hidz
Q%P2=9(%02)2mG(nA)

< NPl / hidz.
Q4p279(4p2)2ﬂG(17)\)

Finally, if Ba,,(Z) \ @ = 0 and if Qz,, 4z
ary, then we obtain an initial boundary version by using (4.9) and (4.12). Since

20p5,0(20p5)2 "D

(4.18)

p2)? intersects the initial bound-

|Q20p5,0(2000)2| < € |Bip, "7, we deduce

J

hPdz < AP / hidz
Q4P2=9(4P2)2mG(nA)

P/q
+ c/ fidx ,
B4p2 ﬂ@(’l])\)

G(n\) = {z € Byr(xo) NQ : f(x) > nA}.
Since p2 < pi, either Ba, (Z) \ Q = 0 and (4.9) holds or B, (%) \ @ # 0 and
(4.8) holds. Thus one of the above estimates is always available.
As a next step, we use a covering argument to extend the estimates to the whole
of G(\). By Vitali’s covering theorem, we have a disjoint set of cylinders

{Q4p;,9(4pfi)(2i)}?ila zZi € G()‘)v Zi = ("i“{l) (420)

20P213(2002)2OD

(4.19)

where



20 Mikko Parviainen

such that almost everywhere

G\ € | Qa0p.0(200102(2i) C Qo,

i=1

and either (4.17), (4.18), or (4.19) holds in each of the cylinders. Then we sum over
i and obtain

/ RP dz < Z / R dz

G\ i=1 on,;g,e(zo,;;)?(éi)mD
o

<ec AP*@/ hidz + b, 4.21
iz:; ( Q4p;,9(4p;)2(2i)mG(n)‘) ) ( )

r/q
§c)\p7‘7/ h‘jderc/~ fpdz+c</ fqdz> ,
G(nX) G(nX) G(nA)

where b; is either the lateral boundary term, initial boundary term, or zero de-
pending on the corresponding estimate. When summing over the initial boundary
terms, we used the fact p/q > 1.

The higher integrability result is now a consequence of (4.21) and Fubini’s the-
orem. To see this, we integrate over G(\g) and use (4.21) together with Fubini’s
theorem. Thus,

h
/ hp+fdz=/ / eEXTTHAN + (N\o)T | AP d2
G(Xo) G(Xo) Ao
:g/ AH/ hP dzd\ +(A0)€/ hP dz
Ao G(N) G(Xo)
<ec / gAsTIHP—d / hidz 4+ eXet / fPdz
Xo G(nX) G(nA)

N
+ext( I dx)p ) ar+ (o) WP dz.
G(nA) G(Xo)

We estimate the right hand side in three parts. First, by Fubini’s theorem, we see
that

(4.22)

s/ AE*HP*ﬁ/ hidzd\ +(A0)6/ hP dz
G(nN) G(Mo)

Ao
h/n o
05/ / NTIHPapTqndy +(>\0)5/ h? dz
G(nXo) Y Ao G(No)
ce

(he-i-pnti—p—s _ ()\O)a+p—éh<§) dz + ()\O)E/ hP dz.
G(Xo)

-y
E+P—4q Jamro)
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Since the second term in the first integral is negative, it follows that

ce
e+p—q

ce _ / hEFPRTP=¢ dz + (A)° / hPni=P=¢ dz
e+p—q \Jamy) G(nAo)\G(Xo)

< £ / hEtPdz 4 ¢ ()\0)5/ hP dz,
€E+D—4q Ja(n) G(nXo)

where we also used the fact that Ag > h in G(nAg) \ G(Xo). We end up with

5/ Xf*lﬂ’*ﬁ/ hidzd\ +()\0)5/ hP dz
o G(n\) G(%o)
< L/ h”pderc()\o)E/ hP dz.
E+D—4 Jam) G(n)o)

Let us now estimate the lateral boundary term in (4.22). We utilize Fubini’s
theorem and obtain

g Oo o [ L sy = Lo = e

G(nXo)

< c/ fetPdz.
G(nXo)

To estimate the initial boundary term in (4.22), we divide the term into two

parts as
oo p/q
€ / At / fidx dA
Ao G(nN)
p/e=1
< / fdx /sAH/ f2dzdA.
G(no) o G(nA)

Now we can apply Fubini’s theorem to estimate the second part. The first part can
be estimated by using Hoélder’s inequality. It follows that

o r/q
5 / A1 / fidx dA
Ao G(nX)
p/a=1 F/n
< / fldz / / XL AN da (4.25)
G(nXo) G(nXo) 2o

(pt+e)/(at+e)
< cR2e/(ate) (/ fq+s dx)

G(nXo)

/ (hsﬂqltifpfs — /\08+p—dhé') dz
G(nXo)

IN

(4.23)

(4.24)

Now we are ready to collect the estimates. We combine (4.23), (4.24), and (4.25)
with (4.22). Then we choose ¢ > 0 small enough to absorb the term containing
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hPT¢ into the left hand side and get

/ hPTedz < c(No)® / hP dz + c/ frredz
G(Xo) G(nAo) G(nAo)

(p+e)/(a+e) (4.26)
+ cR2%/(ate) (/ fq-&-e dx)

G(nXo)

Notice that if the term we would like to absorb is infinite, then we can replace h
by hi, = min{h, k}, k > A¢. Indeed, estimate (4.21) continues to hold in the form

/ BP0y < AP / dp
{hi>2} {hr>nA}

r/q
+c/ fpdz+c</ fqda?> ,
G(n)) G(nA)

where dy = h9dz. Then we use this estimate in the calculations starting from
(4.22) and have

(4.27)

/ hi—@-‘rs dp < LN/ hz—(i-‘rs du
{hk>Xo} E+DP =4 Jih>n0}

+c(XNo)° /{} A }hz_qdu—i-c/ fPredz
1 >N Ao

G(nXo)
) (pt+e)/(ate)

G(nXo)

+ cR2e/(ate) (/ fate dz

As a result, we can absorb the first term on the right hand side into the left and
then employ Lebesgue’s monotone convergence theorem to let & — oco. Thus, we
obtain (4.26).

Since h < Ag in (Qp N D) \ G(N\g), estimate (4.26) extends to the whole of
Qr g2 ND. Indeed,

/ hPTEdz < (/\O)E/ hPdz + / hP*e dz
Qg g2ND (QoND)\G(Xo) G(Xo)

< c()\o)s/ hpdz—i—c/ frteds
QoND QoND

i (p+e)/(g+e)
+ cR2/(a+e) ( / fate dx) .
BoNQ

We divide the estimate by |Qo| and apply the definition of h(z). Since Qg g2 lies
far away from the boundary of Qo = Q4r,ar)2, there exists ¢ > 0, independent of
R, such that

min{|Q;|"/? : (z,t) € Q;}/|Qo|"* > ¢
for every (z,t) € Qg g2 N D. On the right hand side, we estimate

min{|Q["/? : (1) € Qi}/1Qo|"? <1,
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and, consequently,

1 Ao)¢
— |VulPTe dz < M/ [Vu|’ dz
|Q0| Qr gr2ND ‘QO‘ QoND
+ & fp+a dz + (L fq+5 dx) (p+e)/(g+e)
|Qol Joorp |Bol JByna '

Next we take the cut-off level into account. Remember that either

)\0:1 or )\0:)\6.

The first case is clear. Moreover, if A9 = A}, then Young’s inequality and the
definition of Aj leads to

I |Vu|p+8 dz < (L/ |Vaul|? dz) (e+2)/2
|Qr, Rz Qg p2nD ~ \UQol Jgonp

c (e+2)/2 c N

+ | —= bid dz> + — fPredz

<|Q0| QoND |Q0‘ QoND

( c - (p+e)/(q+e)
+ [ —=— fare dx) .

|BO| BoNQ
This finishes the proof. O
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