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ABsTracT. We show that weak solutions to a singular parabolic partial dif-
ferential equation globally belong to a higher Sobolev space than assumed a
priori. To this end, we prove that the gradients satisfy a reverse Holder in-
equality near the boundary. The results extend to singular parabolic systems
as well. Motivation for studying reverse Holder inequalities comes partly from
applications to regularity theory.

1. INTRODUCTION

We study the global regularity properties of singular parabolic partial differential
equations. Parabolic partial differential equations with the principal part in the
divergence form are either degenerate or singular depending on the vanishing of the
gradient. In particular, the parabolic p-Laplace equation

ou _

— =div (|Vu|p 2 Vu) ,

ot
is singular when 1 < p < 2 and degenerate when p > 2. In the degenerate case,
the modulus of ellipticity, |Vu["~?, vanishes when |Vu| = 0, whereas in the sin-

gular case, it becomes unbounded. The modulus of ellipticity describes the rate
of diffusion, and therefore, the behavior of solutions is quite different between the
two cases. For example, disturbances have a finite speed of propagation in the
degenerate case, whereas solutions extinct in finite time in the singular case.
Weak solutions to degenerate equations belong to a slightly higher Sobolev space
than assumed a priori. Moreover, this holds up to the boundary, as shown in [21].
In the singular case, there are several new phenomena and difficulties. Hence, it is
not obvious that singular equations have a higher integrability property as well.
In this paper, we show that weak solutions to singular parabolic partial differ-
ential equations globally belong to a higher Sobolev space than assumed a priori
when 2n/(n 4+ 2) < p < 2. Furthermore, the results extend to systems of the form

8ui
ot

We assume that the complement of the domain satisfies a uniform capacity density
condition, which is essentially sharp for our main results. In addition, the boundary

=div A;(z,t,Vu), i=1,2,...,N.
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values belong to an appropriate higher Sobolev space. Note, however, that the re-
sults of this paper are already nontrivial for regular domains and smooth boundary
values.

The proofs are based on Caccioppoli and Sobolev-Poincaré-type inequalities as
well as on the careful analysis of level sets. We also apply intrinsic scaling and cov-
ering arguments. Intuitively, some properties of the heat equation can be restored
in the intrinsic geometry that depends on the gradient itself. However, boundary
effects and singularity cause extra difficulties: The covering now consists of three
kind of intrinsic cylinders. Indeed, the cylinders may lie near the lateral boundary,
near the initial boundary or inside the domain. Due to singularity, it is a delicate
problem to cover the space-time domain in such a way that an appropriate reverse
Holder inequality holds. Moreover, the proof in the degenerate case utilizes the LP-
norm of the gradient, whereas in the singular case, we avoid the use of the L?-norm
of the gradient by applying a different scaling.

The first nonlinear parabolic higher integrability results apparently date back to
a 1982 paper of Giaquinta and Struwe [11]. They studied the local higher integrabil-
ity for systems of parabolic equations with quadratic growth conditions. However,
for more general systems, the problem remained open for some time: In the year
2000 Kinnunen and Lewis settled the local higher integrability question in [16] when
p > 2n/(n+2). For recent results, see Acerbi-Mingione [1] and Parviainen [22]. See
also Antontsev-Zhikov [3], Arkhipova [4], DiBenedetto [5], and Duzaar-Mingione [6]
for further parabolic regularity results.

In the elliptic case, the same higher integrability proof applies to both degenerate
and singular equations. Granlund showed in [12] that an elliptic minimizer has the
global higher integrability property if the complement of the domain satisfies a
measure density condition. Later, Kilpeldinen and Koskela generalized the elliptic
results to a wider class of equations and to a uniform capacity density condition in
[15].

The higher integrability estimates provide a useful tool in applications to partial
regularity (see, for example, Giaquinta-Modica [10]) and stability, to mention a few.
On the other hand, the regularity properties of solutions are often interesting in
their own right.

2. PRELIMINARIES

2.1. Parabolic setting. Let 2 be a bounded open set in R™, n > 2, and let

2n/(n+2) < p < 2. We study the equation
% = div A(z, t, Vu), (z,t) € 2 x (0,T), (2.1)

where v : Q x (0,7) - R and A: Q x (0,T) x R" — R"™. We assume that A is a
Carathéodory function, that is, (z,t) — A(z,t,£) is measurable for every £ in R
and £ — A(xz,t,§) is continuous for almost every (z,t) € Q x (0,7). In addition,
there exist constants 0 < a < 3 < oo such that

Az, t,€)- € > al¢P and  |A(z,t,8)| < Bl

As usual, WP(Q) denotes the Sobolev space of functions in LP(£2) whose first
distributional partial derivatives belong to L?(€2) with the norm

||U|‘W1,p(g) = Hu”LP(Q) + HVUHLP(Q) .



Reverse Hélder inequalities for singular equations 3

The Sobolev space W, () is a completion of C§°(Q) in the norm of Wh?(Q).

The parabolic space LP(0,T; W1P(€2)) is a collection of measurable functions
u(z,t) such that for almost every t € (0,7"), the function = — u(z,t) belongs to
W1P(Q) and the norm

T
||UHLP(O,T;W1$P(Q)) = (/0 HU’||11;V1=P(Q) dt)

is finite. Analogously, the space L?(0,T; W, (€2)) is a collection of measurable
functions u(z,t) such that for almost every ¢t € (0,7), the function = — u(z,t)
belongs to W, *(2) and

1/p

HUHLP(O,T;WLP(Q)) < 0.
The parabolic Sobolev space W12(0, T; L?(2)) consists of functions

{p € L*(0,T; L*(Q)) : %f € L*(0,T; L*(Q))}

with the norm

9
lellwraorira@) = IellL2rirai@) + H@t :
L2(0,T;L2%(R2))

Finally, the space C([0,T]; L?(£2)) comprises all continuous functions u : [0,T] —
L*(Q) (that is, u is continuous with respect to ¢ in the norm || - [[2(q,) such that

HUHC([O,T];Lz(sz» = tg[l(%] Hu('>t)HL2(Q) < 0.

(0,T; WEP(Q)) is a

loc

A function u belonging to the space LZ (Q x (0,T)) N LY .
weak solution to (2.1

) if
T a¢ T
—/ /u— d.rdt—!—/ /A(a:,t, Vu)-Vodrdt =0, (2.2)
0o Jo Ot 0o Ja

for every ¢ € C§°(Q2 x (0,7)).

A Lebesgue-type initial condition and a Sobolev-type boundary condition turn
out to be convenient for our purposes. To be more specific, we say that u is a global
solution if u € L2(Q2 x (0,T)) N LP(0, T; WP (Q)) satisfies (2.2) as well as the initial
and boundary conditions:

u(-,t) — (-, t) € Wy P(Q) for almost every ¢ e (0,T)
and

- (2.3)
E/ /|u7cp|2dxdtﬂ0 as h—0,
0o Jo

for a given
¢ € WH2(0,T5 L*(Q)) N LP(0, T; WHP(Q)) N C([0, T1; L*(92)).
Observe that already smooth ¢ leads to a nontrivial theory.
There is a well-recognized difficulty in proving Caccioppoli-type estimates for

weak solutions: We often use test function depending on u itself, but « may not be
admissible. We treat this difficulty by using the standard convolution. We set,

¢e(x,t) = /qu(x,t —8)¢(s) ds,



4 Mikko Parviainen

where ¢ € C(2 x (0,T)) and (.(s) is a standard mollifier, whose support is
contained in (—e,¢e) with e < dist (spt(4), Q2 x {0,7}). We insert ¢. into (2.2),
change variables, and apply Fubini’s theorem to obtain

_/OT/QuEg(fdz—l—/oT/Q.A(x,t,Vu)a-V(bdz:O. (2.4)

Here u. and A(x,t, Vu). denote the mollified functions in the time direction.

2.2. Notation. Let
QT =0 x (O,T)

be a space-time cylinder. We denote the points of the cylinder by z = (z,t) and
employ a shorthand notation dz = dxzdt.
Let zg = (x0,%0) € Qr and 0, p > 0. Then we denote

By(zo) ={xz e R" : |z —xo| < p},
B,(w0) = { € R" : o — o < p}
and
L)s L)y
Ngp2(to) = (to — §9P , to + §9P )-
Further, a space-time cylinder in R™*! is denoted by

Qp.0p2(20) = Qp0p2(T0,t0) = By(x0) X Agp2(to).

When no confusion arises, we shall omit the reference points and simply write B,,,
Agp2 and @, 9p2. The integral average of u is denoted by

u,(t) = ]{? u(z,t)de = |Blp/Bp u(z,t) dz,

where |B,| denotes the Lebesgue measure of B,. The power 2, = 2n/(n+2) is used
in the initial boundary term. Finally, ¢’ sometimes denotes the time derivative of
¢ instead of %‘f.

P

2.3. Capacity. Let 1 < p < oo. The variational p-capacity of a compact set C C (2
is defined to be

cap,(C, Q) = ir;f/Q |Vg|? dz,

where the infimum is taken over all the functions g € C5°(2) such that ¢ =1in C.
To define the variational p-capacity of an open set U C 2, we take the supremum
over the capacities of the compact sets belonging to U. The variational p-capacity
of an arbitrary set £ C Q is defined by taking the infimum over the capacities of
the open sets containing E. For the capacity of a ball, we obtain the simple formula

Capp(Ep, Bap) = cp" ", (2.5)

where ¢ > 0 depends only on n and p. For further details, see Chapter 4 of
Evans-Gariepy [7], Chapter 2 of Heinonen-Kilpeldinen-Martio [14], or Chapter 2 of
Maly-Ziemer [18].

In this paper, we assume that the complement of the domain satisfies a uniform
capacity density condition. For the higher integrability results, this condition is
essentially sharp as pointed out in Remark 3.3. of Kilpeldinen-Koskela [15] in the
elliptic case.
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Definition 2.6. A set £ C R" is uniformly p-thick if there exist constants j, pg > 0
such that

cap,(E N By(x), Bap(x)) = peap,(B,(x), Bzy(2)),
for all x € F and for all 0 < p < pg.

If we replace the capacity with the Lebesgue measure in the definition above,
we obtain a measure density condition. A set F, satisfying the measure density
condition, is uniformly p-thick for all p > 1.

Singularity does not play an essential role before Lemma 3.2, and, therefore, we
mostly omit the proofs of first lemmas. For more details, we refer the reader to
the degenerate proofs in [21]. Since 2 is bounded, the estimate in Definition 2.6
actually holds for every p. Moreover, the estimate is also valid inside a uniformly
p-thick domain near the boundary as stated in the next lemma.

Lemma 2.7. Let Q be a bounded open set, and suppose that R™ \ 0 is uniformly
p-thick. Choose y € Q such that Bép(y)\ﬂ # (0. Then there exists a constant

i = f(p, po,m,p) > 0 such that

cap, (B2, (y) \ Q, Bay(y)) > ficap,(Bay (), Bap(y)).-

A uniformly p-thick domain has a deep self-improving property. This result was
shown by Lewis in [17], see also Ancona [2]. For a good survey of the boundary
regularity, see Section 8 of Mikkonen [20].

Theorem 2.8. Let 1 < p < n. If a set E is uniformly p-thick, then there exists a
constant ¢ = q(n,p, u) such that 1 < q < p for which E is uniformly q-thick.

We end this section by stating without a proof a capacitary version of a Sobolev-
type inequality. A boundary version of Sobolev’s inequality follows from this lemma
coupled with the boundary regularity condition. For the proof, see Hedberg [13],
Chapter 10 of Maz’ja’s monograph [19] or Lemma 3.1 of Kilpeldinen-Koskela [15].

The lemma employs quasicontinuous representatives of the Sobolev functions.
We call u € WHP(Q) p-quasicontinuous if for each ¢ > 0 there exists an open set
U, U C Q C Bgr, such that cap,(U, Bar/) < €, and the restriction of u to the set
Q\ U is finite valued and continuous.

The p-quasicontinuous functions are closely related to the Sobolev space
WP(Q): For example, if u € WP(€), then u has a p-quasicontinuous repre-
sentative. In addition, the capacity can be written in terms of quasicontinuous
representatives.

Lemma 2.9. Suppose that g € (1,p) and that u € W19(By,) is q-quasicontinuous.
Denote

Np,(u) ={z € B, : u(z) =0}

and choose q € [q,q*]|, where ¢* = qn/(n — q). Then there exists a constant ¢ =
c(n,q) > 0 such that

1/G 1/q
_ c
u|? dx < / Vul?dx .
(]{92p i ) (Capq(NBp (u), B2p) Jp,, v )

The above estimate also holds if the powers on both sides are replaced by p.
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Lemma 2.10. Suppose that u € WP(By,) is p-quasicontinuous and let Np (u)
be as above. Then there exists a constant ¢ = c¢(n,p) > 0 such that

1/p 1/p
c
ulP dx < / VulP dx .
(7220" ) <capp<A&%<u>rsz> i )

3. ESTIMATES NEAR THE BOUNDARY

2p

In this section, we derive estimates near the lateral boundary 92 x (0,T). These
estimates are applied in Section 4 in order to prove a reverse Holder inequality. We
start with a Caccioppoli-type inequality.

Lemma 3.1 (CaccioppoLi). Let u be a global solution with the boundary and initial
conditions (2.3). Let 0 > 0, suppose that 0 < 0p> < M for some M > 0, and let
Qp002 = Qp 0,2 (T0,t0) C R"*1. Then there exists a constant ¢ = c(n,p, M, a, 3) >
0 such that

/ |Vu|Pdz +  esssup / lu — | dz
Q, 02N t€A,,2N(0,T) J B,NQ

p.0p
Cc

2 C
S@; W—¢|®+7; lu—¢|Pdz

Qup,0(4p)2N07 Qup,0(ap)2 N2
2
+c/ (I€']” +|Vel”) dz.
Y Qup0(4py2 N2

Proof. The proof is virtually the same as in the degenerate case. Observe, however,
that now the power 2 dominates over p. Formally, we choose in (2.4) the test
function

¢(ma t) = np(xa t)(u(ax, t) - (,0(.13, t))Xg,tl (t)a
where x(’itl(t) is a piecewise linear approximation of a characteristic function ap-

proaching xo 4, (t) as h — 0. Furthermore, n € C§°(R" 1) is a cut-off function such
that sptn C Qup0(4p)2, N(x,t) =11in Q9p2, 0 <7 < 1, and

@Sc.

2
p|Vn|+0p ot

The assumption #p? < M is utilized together with Young’s inequality to estimate

[ el ds
Qx(0,t1)
<ef P P u— gl dz
Qx(0,t1) 09 Jax(o,t1)
in the proof. Here ¢ depends on M and ¢. (]

In order to derive a reverse Holder inequality, we estimate the right hand side of
Caccioppoli’s inequality in terms of the gradient. A natural idea is to use Sobolev’s
inequality, but there is a principal difficulty in the parabolic case: We assume little
regularity for a weak solution in the time direction, and Sobolev’s inequality is not
applicable in space-time cylinders as such. Nevertheless, weak solutions satisfy the
following parabolic Sobolev’s inequality.
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Lemma 3.2 (paraBoLIC SOBOLEV). Let u be a global solution with the bound-
ary and initial conditions (2.3). Suppose that R™ \ Q is uniformly p-thick. Let
6 > 0, suppose that 0 < 0p*> < M for some M > 0, and choose Qpop> =
Qp.002(%0,t0) C R such that Ba,(x0) \ © # 0. Then there exists a positive
constant ¢ = ¢(n,p, M, X i, po, o, 8) such that

ess sup / lu — | dx
t€8y,2M(0,T) J B,NQ
c
<5 -z te [ V- )P d:
P™ I Qupo(ap>NOr Qup0(ap)2N0T

2
+ c/ (l¢'1" + [Vel”) da.
Q4p~9(4p)anT

Proof. The claim follows from Caccioppoli’s inequality and Lemma 2.10 in a
straightforward manner: We extend u(-,t) — ¢(+, t) by zero outside of Q and use the
same notation for the extension. For a given ¢, we denote

Np,,(u—¢) ={z € By, : u(z,t) — p(z,t) = 0}.

We estimate the second term on the right side of Caccioppoli’s inequality by using
Holder’s inequality and Lemma 2.10. Consequently,

c D
< fu— P dz
P" I Qup (a2 N0

cp” 1 /
< = [V (u— )P da dt.
PP Mg (4 y20(0,T) cap,(NB,,(u — ¢), Ba,) . B,

Since R™ \ © is uniformly p-thick and Ba ,(0) \ ©2 # 0, we conclude by Lemma 2.7
and (2.5) that

cap,(Np,, (u — @), Byy(x0)) > ficap, (B2, (o), Bp(xo)) = cp" P

for almost every ¢t € [0,7]. Notice that this estimate still holds true if we redefine
u(+,t) — (-, t) in a set of measure zero in Q. O

One of the difficulties in proving the first reverse Holder inequality is the fact
that both the powers 2 and p appear in the above inequalities. We combine the
previous lemma with the following Sobolev-type inequality in order to estimate the
terms on the right hand side of the Caccioppoli. Observe that the self-improving
property of the capacity density condition plays an important role in the proof.

Lemma 3.3. Let u be a global solution with the boundary and initial conditions
(2.3). Suppose that R™ \ Q is uniformly p-thick. Let 0 > 0, suppose that 0 <
0p%> < M for some M > 0, and choose Qp0p2 = Qpop2(x0,t0) C R such that
B%p(sco) \ Q # (0. Then there exist constants ¢ < p and ¢ = c(n,p, M, p, pg) > 0
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such that
1

_ 1 / fu—pl* dz
’Q4p,9(4ﬂ)2’ Qup,6(ap)2N82T

cpd
< P

V(u— )| dz

1-G/2
: ess sup lu — | dz .
t€8(4,)2N(0.7) | Bapl /By 00

Proof. In order to prove the claim, we apply Hoélder’s and Sobolev’s inequalities.
First, divide the term on the left hand side of the claim as

1

|B4p| B4,NQ

1 /2 ) 1-G/2 (
= = u— | dz u— o> dz ,
<|B4ﬂ| B4me | <p| ‘B4P‘ B4pﬂﬂ ‘ QO‘

where ¢ < p is fixed later. Next we extend u(-,t) — (-, t) by zero outside of 2, use
the same notation for the extension, and set ¢* = gn/(n — §). Furthermore, for a
given ¢, denote

| Q4p,0(4p)2 | Qup,0(ap)2 N80T

lu — | dz
3.4)

Np,,(u—yp)={z¢c B, : u(-,t) — (-, t) = 0}.
According Lemma 2.9, we have

C

/2
1 9 ~
u— | do < / V(u—¢)|? da.
<B4p| Ba, | | > capg(Np,, (u — ), Bip) Jp,, Ve )
(3.5)

To continue, we would like to use the uniform capacity density condition, but
this is not immediately possible since ¢ < p and since we only assumed that the
complement of a domain is uniformly p-thick. Nevertheless, Theorem 2.8 asserts
that the density condition satisfies the self-improving property. This, together with
Lemma 2.7 and (2.5), implies

Capq(NBz,, (u =), Bay) > ﬁcapq(ﬁgp, Bay) = Cpnﬂia

for almost every ¢ and for large enough ¢ < p. We combine this capacity estimate
with (3.5) and (3.4), and end up with

- 1-q/2
1 9 cpl ~ 5
—— [ u-pPdr< IV (u— )7 da u—pfdz) .
‘349‘ J By ‘340‘ J By, |B4P‘ J Ba,
The claim follows by integrating this estimate with respect to time. (]

4. REVERSE HOLDER INEQUALITIES

The proof of the main result, Theorem 6.1, consists of three cases: We consider
cylinders near the lateral boundary, near the initial boundary and inside the domain.
This section provides a reverse Holder inequality near the lateral boundary for the
gradient of a solution, and the next section deals with a reverse Holder inequality
near the initial boundary. Finally, Section 6 combines all the cases and shows that
the reverse Hoélder inequalities have a self-improving property.
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We utilize the estimates from the previous section in scaled space-time cylinders.
The scaling takes both singularity and boundary effects into account. In particular,
the scaling allows us to absorb the additional terms into the left hand side in the
next lemma. In addition, the right scaling helps in combining the initial and lateral
boundary estimates in the proof of the main result. Due to singularity, the term
with the power 2 is dominant contrary to the degenerate case.

Lemma 4.1 (reverse HOLDER). Let u be a global solution with the boundary and
initial conditions (2.3). Suppose that R™ \ Q is uniformly p-thick. Let A > 0, set
0 = X27P, suppose that 0 < 0p?> < M for some M > 0, and choose Qpop> =
Qp0p2(z0,t0) C R™ such that Ba,(zo) \ @ # 0. Further, denote

2 dz+ / Vol* d .
|Qp0p‘/peme z 9!Qpep! peme| o|” dz (4.2)

for short. Suppose then that there exists a constant ¢y > 1 for which

90| P
\@pep\/psm( V) 445,
2
— |

. (4.3)
|Q20p,9(2op)2| onp,e(mp)mm< 0p?

+ Vu|p> dz + c1Bag, < AP,

Then there exist constants ¢ = c(n,p, M, c1, i, po,a, 3) > 0 and ¢ = ¢(n,p,p) < p
such that

o IVulP dz
|Q20p79(20p)2| Q20p,0(200)2 T
p/q
< (c |Vu|qdz> + cBay,.
|Qup.0(ap)2| Qupo(ap2Nr

Proof. To prove the claim, we estimate the terms on the right hand side of Cac-
cioppoli’s inequality with the gradient by using the parabolic version of Sobolev’s
inequality. Observe first that Lemma 3.1 provides the estimate

lu— |
VulP + ——— | dz+ B
|@pap\/ (' T '

1
|u fcp|2dz+

7/ IVel” dz
|Q4p,9(4p)2| Qup,0(4p)2NT

|u — P dz + cBa,.

9P |Q4p 6 49)2‘ Qupo(ap)2 N2
c

pP |Q4p,9(4p)2| Qup,0(ap)2N0T
(4.4)

Notice that we inserted some extra terms to the above inequality. This will help us
at the end of the proof to absorb terms into the left.
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Since p < 2 and § = A\?>"P, we may estimate the third term on the right in terms
of the first by using Holder’s and Young’s inequalities. We conclude that

c

o u— " dz
pP ’Q4p,0(4p)2’ Qup,0(ap)2N0T
p/2
c
<O e [u—¢l” dz (4:5)
Op ‘Q4p,9(4ﬁ)2‘ S Qup0ap)2 N0

Cc

< MPe 4 lu— | dz,

00? |Qup0ap2| JQ,, oayy200r

and hence it is enough to estimate the first term on the right hand side of (4.4).
In view of Lemma 3.3, there exists a constant ¢ < p such that

1
|Qupoap2] Jay, yup2nr
cpl
|Qupoapz] Ja,, yupznr

1-§/2
1 2
. ess sup |lu — | dz .
t€81,)2n(0,7) | Bapl /B, 00

fu— gl dz

<

V(u—)|" dz

The first integral is of the correct form, but the second integral should be estimated
from above by the gradient. To accomplish this, we apply Lemma 3.2, Hélder’s
inequality, and assumption (4.3). First, according to Holder’s inequality and (4.3),
we have

/ Vol dz
Qup,0(ap)2NS2T

p/2

1

R R e |V90\2 dz or/? }Q4p,9(4p)2’ < PN,
0 |Q4p,0(4p)2’ Q4p=9<4p)2 NQr

since 8 = A\27P. This leads to

ess sup / lu — @|? dz
t€A,20(0,T) J B,nQ

C
< aﬁ/ Iu—@\deﬂ’/ IV(u— )| dz (4.7)
P Qup0(4p)2N0T Qup,0(4p)2N0T

+C/ (1) + [VelP) dz < ep™+22%
JQup,0(1p)2 N0
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To continue, we merge estimates (4.6) and (4.7), apply Young’s inequality, and
conclude that

1

—_— Ju— o[ d
0p? ‘Q4p,9(4p)2 ‘ Qup.o(apy2NQT

plc i 1-G/2
S V(= )7 dz (p222)
0% |Qap.0(40)? | Qupo(ap2 N0

p/q
c _
Sl [ IV(u—¢)|? dz +eAP,
Qup6(ap2| Jay, 4,en0r
since (0p?)~1p7 (p2A2)" 7 = ao-1,
We combine the previous estimate with (4.4) and (4.5). Furthermore, we deduce

by Holder’s and Young’s inequalities that the second term on the right hand side
of (4.4) can be estimated as

1

T [Vel” dz
Qupo(a0)2| oy, puzn0r
p/2
/2 1 2
<P — [Ve|” dz < eN + cBy,.
0[Qup01012| Ja,, 4apy2nr

Combining the facts, we end up with

1 / lu—of
S - vupP + L) 4z 4B
Qu002| o, ,,2n0r (' | 0 .

§3€)\p+< ¢

p,0p

(4.8)

P/q
I TEl V(u—9)"dz | +cBap.
|Q4P79(4P)2| Y Qup 04p)2N0T

Next we absorb the additional terms into the left. To accomplish this, we employ
scaling of the time direction and choose € > 0 small enough to absorb 3¢A? into the
left hand side. Finally, since (4.3) implies

1

T [Vul|P dz
‘QQOP,0(2Op)2| Qa0p.0(200)2 2T

2
c lu— |
< — [Vul? + dz + e,
’QpﬁpQ} /;p,eﬁmQT ( 0p2 ) ’

we have proven the claim. O

5. ESTIMATES NEAR THE INITIAL BOUNDARY

This section provides estimates near the initial boundary Q x {0}. Here we
compare the solution with its average instead of the boundary function, and the
estimates become somewhat different.

The proof uses the weighted mean

(1) = fBQ,, nP(z, t)u(z,t)dz
e fBQP nP(z,t)de
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instead of the standard mean

ug,(t) = ]i u(z, t) dz.

2p

The weighted mean should be close to the standard mean, and therefore the weight
n € C§°(R™1) is defined to be a cut-off function such that

sptn C Qap.oe2p)2(T0,t0), 0<n <1, and n=1in Q, gy (0, t0),

where 6 > 0. In addition,

sup 7(z,t) < 5][ n(z,t)dz, t € Ng2p)2(to), (5.1)
B

rEB2, 2p

where
1 2 1 2
Ag(ap)2(to) = (to — 59(2@ s to + 59(20) )-

The following lemma gives a useful connection between the standard mean and
the weighted mean.

Lemma 5.2. Suppose that By, € Q, let u(-,t) € L} (Q), where p > 1, and let

1, uy,(t), u,(t) be as above. Then there ewists a constant ¢ = c(p,¢) > 0 such that

J

Here € is the constant in (5.1).

= g (B)]P d < c/ o — 2 (1)P da < c2/ = gy (1)|P da.

2p Ba, Bs,

Proof. Let us begin with the first inequality. We add and subtract uj,(t), which
leads to

/ = (£) + () — uap (DI da
B

2p

< c/ = ()P e + ¢ Bay [ud, (£) — s ()"
B

2p

since p > 1. This implies the desired estimate since

| Bapl [t () — 1z (8)[” < / i (£) — ul? da
2

P

due to Holder’s inequality.
To obtain the second inequality of the claim, we add and subtract ua,(t). It
follows that

f,

u= O do < e f Ju—us (O do + clusy(t) ~ ud, 1)

2p Ba,
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Then we estimate the last terms on the right hand side by using the definition of
ug,(t), Holder’s inequality, and assumption (5.1). We conclude that

< JCsz [u — ug,(t)|nP dx
- fp, nPde

p
sup, 1
< SUPzeBs, 11 ][ e — g, ()] dz
fB2pndx B

2p
<o f
B

which completes the proof. (I

|ug, (t) — u2p(t))|

1/p
lu — us, ()7 dI) ;

2p

We suppress the explicit dependence on ¢ in the notation, since this constant
is fixed as soon as the weight is fixed. From now on, we assume that the cut-off
function 7, defined at the beginning of the section, also satisfies

p|Vn| + 6p

on
— <ec. .
at‘c (5.3)

The next lemma provides a Caccioppoli-type inequality near the initial boundary.
We assume that ¢(-,0) € W12-+9(Q) and, thus, the boundary term in the next
lemma is well defined.

Lemma 5.4 (CaccioppoLi). Let u be a global solution with the boundary and initial
conditions (2.3). Let 0 > 0 and let Q9,2 = Qp.0p2(0,t0) C R be such that
Byp(xo) C Q and 0 € Ag2p)2(to). Then there exists a constant ¢ = c¢(n,p,a, 3) > 0
such that

/ |[VulPdz +  esssup / |u—u;’p(t)|2dx

Qp0p2Nr t€hg,2N(0,T) /B,
c c

< W/ |u—uzp(t)\2dz+7/ [u — ug,(t)[P dz
P"JQsp 0(2p2 01 P"JQap 02020

2/2,
2 d:v) ,

Proof. Formally, we choose a test function

+c </sz [Vo(z,0)

where 2, = 2n/(n + 2).

(b(wv t) = np(xv t)(u(xv t) - U;’p(f))x}&tl (t), t1 € A6‘p2 N (07 T)v

where ugp(t) is the weighted mean and otherwise the notation is the same as in
Lemma 3.1.
The weighted mean is utilized in the estimation of the first term of (2.4). We

add and subtract uj,(t)¢’ to obtain

— /QT ug dz = —/QT(u —uy,(t)¢ dz — /QT ug,(t)¢' dz.
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The last term in the above expression vanishes. To see this, we integrate by parts,
use the definition of uj,(¢), and have

n /
—/ ug,(t)¢" dz
Qr
t J5. nPdx [, nPudx
Ba, Bs, 7
S TG ( [ e ) (ul (1)’

/ B, 7 dx

=0.
The rest of the proof is almost similar to the degenerate case and we omit it. [

The following lemma asserts that a parabolic Poincaré-type inequality is also
valid near the initial boundary.

Lemma 5.5 (paraBoLIC POINCARE). With the assumptions of the previous lemma,
there exists a constant ¢ = ¢(n,p,«, 3) > 0 such that

ess sup / |u7ugp(t)|2dx < % lu — ug,(t)]? dz
te,,2N(0,T) /B, Op Qap.0(20)2 QT

2/2.
+ c/ [VulPdz + ¢ / IVe(z,0))*" da .
@2p,0(20)2N0T Ba,

Proof. This is an immediate consequence of Lemma 5.4 since Lemma 5.2 and
Poincaré’s inequality implies

p% lu —ug, ()P dz < c/ |Vul? d. O

Q2p,0(202) Q25,0(202)

The following lemma helps us to combine Caccioppoli’s inequality with parabolic
Poincaré’s inequality. The proof is a straightforward application of Holder’s and
Poincaré’s inequalities.

Lemma 5.6. Let u € L2 (0,T;W}->*(Q)), let 6 > 0, and choose Qp0p2

loc

Qpop2(x0.t0) C R™ such that Bay(xo) C Q and 0 € Ageap)2(to). Then there
exists a constant ¢ = c¢(n) > 0 such that

/ lu —u,(t)|* dz
Q 2NQr

P,0p
2./n
< c/ |Vu|?>*dz | esssup / lu — ug,(t)|? do .
Q 2NQr teAepm(o,T) B,

p,0p

Proof. First, we divide the left hand side into two parts as

/ = (D)2 dz
Q 2NQr

P,0p

1-2» 2=
:/ (/ |u—up(t)2dx> (/ |u—up(t)|2dx> dt.
Ae,ﬂ’n(o.T) B, B,

Then we apply Poincaré’s inequality to the second part, replace u,(t) by ug,(t) in
the first the part, and take the essential supremum. O
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The following lemma provides a counterpart for Lemma 4.1 near the initial
boundary. Here we can ignore the lateral boundary terms in the scaling.

Lemma 5.7 (reverse HOLDER). Let u be a global solution with the boundary
and initial conditions (2.3). Let X\ > 0, set 6 = NP, and choose Qg2 =

Q.02 (%0, t0) C R such that Bag,(zo) C Q and 0 € Ag(ap)2(to). Suppose that
there exists ¢c1 > 1 such that

up(f)\ p>
+ |Vu|
|Qp79p |/pgpzﬂSZT ( 9 ? ‘

2
Usop|

. (5.8)
‘Q20p,0(20p)2‘ QQOp,G(QOp)zmQT ( 0 2

+ |Vu|p> dz < 3P,

Then there exists a positive constant ¢ = c(n,p,c1,a, 8) such that

1
.+ [VulP dz
’QQOp,9(200)2 | Q@20p,6(200)2 N2

P/ 2x
<[ IVul? dz + 2 ][
|Qup0(1p)2 | Qupooap2 T 0\ /B

Proof. In view of Lemma 5.4, we have

2
’Qp,0p2| QP,QPZOQT 0p2

c

2/2,
|V(z, O)|2* da:) .

4p

< ¢ \u—ugp(t)\zdz
0p? |Q2p~,9(2p)2| Q2p,0(2p)2 N80T

. (5.9)
+— [u — ugp(t)[" dz
PP |Qap.0(2p2 | Qap o(2py2 QT

2/2.
+2 (][ [Ve(z,0)[* dx) .
0\ Js,

Since p < 2 and = A27P, we can estimate the second term on the right hand side
in terms of the first in the same way as in (4.5). Thus, we can concentrate on the
first term on the right of (5.9).

Recalling Lemma 5.6, we have

1
S S 1z (1) 2
9,02 |Q2p,9(2p)2 | Q2p,0(2p)2 827

C
<—7 |Vu|? dz
00? | Q200202 | Js, 513, 2007

2,./n
- esssup / \u—uzp(t)\2dm .
t€AG(5,)2N(0,T) By,
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We also applied Lemma 5.2 to manipulate the last integral. Lemma 5.5 implies

ess sup / lu — uzp(t)|2 da
tE€AG(5,y2N(0,T) J B2,

< 9%/ [u — w4, (t)]? dz+c/ |Vul? dz
P™ JQupoapy>NOr Qup,0(ap)2N1

2/2.
+c </ IVe(z,0))* dx) <ep" Nt (/ [Vo(x,0)
Bap Bap

n+2

since 0 = A*7P and |Qup,g(4p)2| = cOp
Collecting the facts, we end up with
1

_— uw—ul ()] dz
0 ’QQ%),H(QP)z’ Qap,0(2p)2N0T | 0 ‘

< c / v
< ° u
0p? ’Q2p79(2ﬂ)2| Q2p,0(20)2N07

2/2.
PN 4 (/ [Ve(z,0)[** dx)
B4p

Observe that p=2 = p~("+22:/" and, on the other hand, p=2 = (p=")%/"
inequality now leads to

1

pl) |Q2p,0(2p)2 | Qgp,g(zp)ZmQT

P/2
C
<|+—=—— |Vul* dz
’Q2P10(2p)2’ Qgpyg(gp)ZmQT

P/2«
+c (][ IVe(z,0)* dx) + el
B4p

Furthermore, since the power 2 dominates over p, we estimate

P/ 2+ 1 P/2
<]{3 Vso<x,0>|2*dw> <9p/z<]€3 IVso(x,mQ*dx) o7/

2/2.
py 2
<el +3 Veo(z,0)]™ dx .
B4p

2.
dz

2./n

lu — ug,(t)|” dz

(5.10)

2/2,
2 d:c)

. Young’s

(5.11)

(5.12)

Next we combine (5.9), (5.11), and (5.12), as well as recall the remark after (5.9).
Finally, we absorb the terms containing AP into the left by choosing ¢ > 0 small

enough. This is possible due to assumption (5.8).

6. THE MAIN RESULT

O

This section provides an improved version of a reverse Holder inequality. The

proof employs covering arguments and the reverse Holder inequalities

from the

previous sections. In the case p = 2, we could use the well-known Giaquinta-
Modica lemma, which can be found from Giaquinta-Modica [10] or from Giaquinta
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[9]. See also Gehring [8], Stredulinsky [23] and Giaquinta-Struwe [11]. Due to
singularity, we follow a different strategy.
We define that VZ(0,7; ) comprises functions in

W20, T; L*0(Q)) N L*0(0, T; WH2 () N C([0, T); L*(€2))

with § > 0, and, furthermore, we assume that if ¢ € ‘ZSQ(O,T;Q) then ¢(-,0) €
W1’2*+5(Q).

Theorem 6.1. Let u be a global solution to (2.2) satisfying the boundary and initial
conditions (2.3) for a boundary function ¢ € %Q(O,T; Q), where 6 > 0. Suppose that
R™\ Q is uniformly p-thick and choose Qr gz = Qpr r2(zo,to) C R" such that
Q4r,(4r)2 intersects the lateral and initial boundaries. Then there exist constants
g0 = eo(n, p, 0, po, 1, a, B) > 0 and ¢ > 0 with the same dependencies such that for
all 0 < e < g9, we have

1

|Qr, Rz Qp g2

C

IVe(z,0)]* ¢ da

N (242)/(2++€)
|VulP™ dz < ( )
|B4R| BsrNQ2

o (IVul” +g7%) dz
’Q4R,(4R)2 ’ Q4R,(4R)2 nQr

o (f+g7) dz )|
’Q4R,(4R)2’ Q4R,(4R)2OQT

where ) )
lu—|" | u—t4r(t)] ,
f=—m+ 7 +[Vul”,
1
t4p(t) wdz,

B |B4R| ByrN

1/
g=(IVel+1¢1) "
and v = (+B)/8, B = ((n+2)p — 2n)/2 > 0.

Proof. The proof consists of several steps:

(1) The general idea is to divide the space-time cylinder into a good and a bad
set. In the good set, the function |Vu|” is in control by definition, and
in the bad set, we can estimate the average of the gradient by using the
reverse Holder inequality. The Calderén-Zygmund decomposition is usually
applied for this, but here we use a different strategy which seems to work
better in the nonlinear parabolic setting, in particular, in the global case.
In the local setting, Kinnunen and Lewis developed this strategy in [16].

(2) To estimate the gradient in the bad set, we cover the space-time cylinder
with intrinsic cylinders in such a way that we can apply reverse Holder
inequalities and control the dependence on a location of a cylinder. The
main difference from the degenerate case is in the local geometry

(3) We consider three possibilities: An intrinsic cylinder either lies near the
lateral boundary or it does not. If it does not, then it may lie near the
initial boundary or inside a domain. In addition, the intrinsic scaling should
correspond to a right reverse Holder inequality.

(4) Finally, we obtain the higher integrability by using Fubini’s theorem.
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Let us then carry out these steps.

Step (1): We denote Qo = Qur,(4r)2(20) = Qur,(ar)>(20,t0). First, we choose the
scaling A > 0 so that condition (4.3) or (5.8) holds in the cylinders having a center
point in the bad set, where the size of the gradient is large. To this end, set

n+2)p—2n
p= 2o
and
. 1/
Ao = ( (f+9") dZ) ,
1Qol Jgonar

and choose A such that
A > max(Aj, 1) = Ao.
Furthermore, set

B 2n + 8
 n+2)(n+2)p—2n)

Step (2): Next we divide ()¢ into the Whitney-type cylinders
Qi = Qri,TZ(yivTi)a i= ]-7 27 SERE)

where r; is comparable to the parabolic distance of @Q; to the 9Qq. Parabolic
distance is defined to be

dist, (B, F) = inf {|x CE T2 (20) € B, (T,7) € F} .

In addition, cylinders @; are of bounded overlap, meaning that every z belongs at
most to a fixed finite number of cylinders, and

Qsr, (5r:)2 C Qo-
For (z,t) € Qo N Qp, we define
W) = — o min{[Quf : (.1) € Q) [Vu(a. )],
c2 [ Qo
where ¢, > 1 is fixed later. Further, choose (#,%) € Q7 such that
h(Z,t) > A

and fix Q; for which (Z,t) € Q; N Q. We define

a=a(z,t) = (|Ql/1Q:])7,
and
6 = (\a)>7P.

Next we show that the second inequality in condition (4.3) is valid due to the
definition of . To accomplish this, set r = (Aa)?/?~ 1! with 7;/20 < 7} < r;. Thus,
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Qr9r2 C Qo, and for Q,. g2 = Q,.0,2(%,1), 7;/20 < r;/ <r;, we obtain

2
|Q7 0r2 |/T972QQT or? |u SO‘ ¢
—(n _ n 1
gd@dm(+“uaW-W”]@a , fus P de 62)
oM .
n+4)/(n+2 2
o (19" sy 1 u= ol 4
(Aar) 3 z
|Q |Qol Joonar R
< coPaP NP,
We also have
1 Q n(p—
[ vup P < el oy oo
’Qr79r2| Qy»,97-2ﬂQT |Q1‘

< coP(2(ntp))/(nt4) \p

< coPaP NP,

since o > 1 and p > 2(:'7:4’7) for 2n/(n + 2) < p < 2. Furthermore, we can estimate

/ 2 qs < C\Qo\( )1/ (0=2) \B

0|Qr0r2‘ rerlmQT |Ql|
< BE+mp=8) /() \ (1= /2 (p-2)+5
< chaP AP,

since a, A > 1 and p > M as well as p > (1 — 2)(p—2) + 8. We combine the

estimates and obtain

{Qr9r2| /

where co is chosen to be large enough and B, was defined in (4.2). The first
inequality in (4.3) will be valid for small cylinders due to Lebesgue’s differentiation
theorem, and, thus

(grz ol + 9017} a2 4.5, < corara,
2 NQr

797‘

1 1 2
lim 7/ < lu —o|” + |Vu|p> dz + By > coPa? NP, (6.3
v =0 Q2| Jo, , @0 \O7 (6:3)

which holds for almost every (#,%) € Q; N Qr such that h(Z,%) > A.

Observe that the integral above is continuous with respect to r. Furthermore,
the integral is less than or equal to cPaP AP for all r, 7;/20 < (aX)'"P/2r < 1y,
and greater than coPaP AP for r small enough. Thus, there exists p1, 0 < p1 <
(@X\)P/2=17; /20, such that the integral equals co?aPA\P. Moreover, for all larger
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values of radius, the integral is less than or equal to coPaP A\P. We arrive at

¢ laP P

1 1
= o] / (g5 =+ [9ul?) as+ B,
Q,. 0,2 YRy, 0,2N0T 1
provl T ' (6.4)
C
< <9 |ug02+|Vu|p> dz + cBaop,
|Q2001,6(20p1)2 | Qaopy 0200202 \OP1
< PaP )P,

At this point, we remark that o,A > 1, and, hence, by construction,
Q20p1,020p1)2 C Qo as well as Or? < R? < M for some M > 0 as required.

Step (3): We shall also consider cylinders near the initial boundary. We suppose
that B, C €, add and subtract @4z (t), and estimate

Cc

1
=/ u- (0 dz < o [ ju — dan(®)[? dz.
|Qp,9p2| Q,.0,2NQr ’va"ﬂQ‘ Q@p 0207

p,0p

Thus, we can essentially repeat calculation (6.2). We can also repeat calculation
(6.3), and, consequently, there exists ps such that

ctaP P
1 1
o] (g5 1= a0 190" )
Q,, 0,2| /Q,,.0,2N0T 2
p2,0p3 r2,003 1 (6.5)
C ~ 2
< - — |u — L(t VulP ) d
S (g5 1= O + 70 a:
20p2,9(20p2) QZO[)Q‘H(ZOPZ)QQQT
< PaP )P,

We now have two alternatives: Either Bs (2)\ Q # 0 and scaling (6.4) holds, or
Bi,, @)\ Q= () and scaling (6.5) holds. Indeed, suppose that B, C Q and estimate

1 / 2
— lu —u,(t)|” dz
9p2 Q 2NQr P

p,0p
" (6.6)

2 2 2
<o [ lum el e ea® + leplt) - uglt)? d.
p prg;,QmQT

Furthermore,

1 9 1 )
0,02 / [ Pp(t) —up(t)|” dz < 9,2 lo —ul” dz.
P Q, 0p2N0T P Q, 02N

Finally, Poincaré’s inequality implies

1 c
i emwwPass [ vefan
P=JQ, 5, 2nQr Q, 9,200

p,6p p,0p
Consequently, by multiplying the integrals in (6.4) by a constant ¢ = ¢(n,p) if
necessary, we can make sure that they are larger than the integrals in (6.5). Hence,

p2 < p1 whenever B,, C (), which shows that one of the two alternatives always
holds.



Reverse Hdélder inequalities for singular equations 21

Let us assume that the first alternative holds. If A is replaced by aA, then (6.4)

shows that condition (4.3) in Lemma 4.1 holds with p; whenever h(Z,¢) > A. Thus,
Lemma 4.1 implies

- |Vul? dz
’Qpl,epf Qm-ﬁp%mQT
p/q (6.7)
< (C |Vu|qdz) + cBuap,
|Q4p1,9(4p1)2‘ Qupy,0(2p1)2N0T

for some G < p.
Assume then that the second alternative holds. If Qz ), 4
the initial boundary, then we obtain a local result

1
L / IVul? dz
‘sz,@pg sz,epg nQr

7 __y2 does not intersect
§02)

P/2x

-1
/ |Vu|? dz (6.8)

2NQr

§ c ’Q%pzﬁ(%sz

592-,9(%92)

p/q
& .
oy VaulTdz |
‘Q4P279(4ﬂ2)2 ’ Qupy,0(ap)2NT

by essentially repeating the proof of Lemma 5.7 without the initial boundary terms.
If the second alternative holds and if Q%pzﬁ(%pz)z intersects the initial boundary,
then Lemma 5.7 can be adjusted to the current setting. Thus, by Hélder’s inequal-
ity, we have

- |Vu|” dz

‘sz,@pg Qﬁzﬂp% N

p/q
< (C V| dz> (6.9)

|Qupz0040202] Qs o4y, )2 n0r

) 2/2,
+3 ( IVo(, 0)> dx) .

‘B4/)2 | Bap,NQ

For convenience, we only used integer multiples of radii in Lemma, 5.7, but the proof
holds verbatim for noninteger multiples as well.
Let us now return to the first alternative. By (6.4), we obtain

il

Qmﬂﬂ?

o P

I < (hp + = u— g0|2) dz+a7PB,,
2MQr Op1

p1,0p

1 - 6.10
S E— (hp + o= ‘P|2) dz+a™"Baop, (610
|Q2001,0200)2] Qs aga0pyy2 "2 Opy

< AN,
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since the volumes of all the Whitney cylinders intersecting Q2,, 6(20p,)2 are com-
parable. In view of (6.7) and (6.10), we have

1 a~P 2 _
I —— hp+ ol |’LL—QD‘ dZ+a plgg()p1
’Q20p1,0(20p1)2‘ Q20p1'9(20p1)2 NnQr le
0/d (6.11)
o L — hidz| 4 ca PBy,.
’Q4p1,9(4p1)2| Q4p1)9(4p1)2mQT

Observe that the term [ ‘;—;; lu — c,0|2 dz is not needed on the right hand side.
1

Indeed, this term can be estimated by the right hand side due to the Sobolev-type
inequality as done in the proof of Lemma 4.1. See, in particular, (4.8).
Next we decompose @ into level sets in the spirit of Step (1). We define

G()\) = {(l‘,t) €EQoNQyp : h(T,t) > )\}

and
G\ = {(z,t) € QoNQr : g(z,t) > A}

Since h(z,t) > X in G(N), we can later use the previous estimates in G(X). Observe
that

h(z,t) <nX whenever (z,t) € (Qup, 0(4p,)2 NO27) \ G(nN),
and
g(z,t) <nA  whenever (2,t) € (Qupy ap)2 N 0r) \ G(nA).

Furthermore, since « > 1 and o ?/0 < 1, we obtain by (6.11) and the previous
estimates that

1 a” P 2 _
T hp—&-ﬁm—gp\ dz 4+ a P By,
|Q2001,0(20012] Qa0py,0(201)2 N P1

p/d
< P AP + (c ha dz> (6.12)
|Qapr 0492 | sy, wapy2ncmn

C
+ 7/ - gPda
|Qupr0040102] JQu,, oappy2 NGO

By Holder’s inequality and (6.10), there exists a constant ¢ > 1 such that

1 (r—3a)/d
( e dz) < el (6.13)

|Q40179(4pl)2 ! S Qupy 0(apy)2NQT

To continue, we choose 1 > 0 small enough to absorb the first two terms on the
right hand side of (6.12) into the left. This is possible due to (6.10). We combine
the result with (6.13), multiply by |Q20p,.6(200,)2| and get

J

hPdz < AP~ / hidz

2UP1>9(2UP1>209T Q4‘)179(4‘,1)20G(77)\)

(6.14)

+c i gP dz.
Q401~9(4/’1)2 NG(nA)
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If the second alternative holds and if Q% p2.0(Z p2)? does not intersect the initial
boundary, then we obtain a local version of the above estimate by using (6.5) and

(6.8). Consequently,

J

hPdz < c/\p_‘i/ hidz
Q%pzﬁ(%ﬁ’zﬂmc(n)\)

< el / hidz.
Q4p2,9(4p2)zmc(n>‘)

Finally, if the second alternative holds and if Q% p2.0(Z p2)? intersects the initial

205,6(20p5)2 2T

(6.15)

boundary, then we obtain an initial boundary version by using (6.5) and (6.9).
Indeed, observe first that

2/2,
a”P 1 2 a™P o _ MNP
— [Vo(z,0)[ dx < 55 MmN < )
0 <B4p2 (Bipy NONG(n\) (@A)2—P a?

where

G(n\) = {z € Byr(zo) NQ : |[Vo(x,0)| > nA}.

Thus, by repeating the above reasoning and observing that p2_"’2/2* = p;("”), we
deduce
/ hPdz < c)\p_‘j/ hidz
QR20p5,6(20p9)2 N Qupy,0(apy)2NG(MA)
(6.16)

2/2.
+c / IV (x,0)]* dz .
B4p2ﬂ§(n/\)

As a next step, we use a covering argument to extend the estimates to the whole
of G(\). By Vitali’s covering theorem, we have a disjoint set of cylinders

{Quprop (Z)}21, 2 €GN, Zi= (1) (6.17)
such that almost everywhere

G(\) C U QQOp;,e(QOp;)z(ii) C Qo,
i=1

and either (6.14), (6.15), or (6.16) holds in each of the cylinders. This is possible,
since one of the two alternatives always holds. Then we sum over ¢ and obtain

/ hPdz <y / hP dz

G i=1 Q20p;,9(20p;)2(5i)mQT

<c AH/ hidz +b; 6.18
; ( Q4p(i,9(4p(i)2(5i)ﬂG(’f?/\) > ( )

2/2.
< c/\p_‘i/ hidz + c/ gPdz+c¢ (/ IV (x,0)]* dx) ,
G(n) G(nN) G(nA)

where b; is either the lateral boundary term, initial boundary term, or zero de-
pending on the corresponding estimate. When summing over the initial boundary
terms, we used the fact 2/2, > 1.
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Step (4): The higher integrability result is now a consequence of (6.18) and Fubini’s
theorem. To see this, we integrate over G(\g) and use (6.18) together with Fubini’s
theorem. Thus,

h
[ owreas ( [foetans w) i
G(Xo) G(Xo) Ao
oo
:g/ /\5‘1/ hP dz dA +()\0)5/ h? dz
o G(\) G(Mo)

§c/ s/\s’lﬂ”’i/ h‘jdere)\E’l/ gP dz
I JG ) G(n\)

2/2.
Fexsl ( [ V(. 0)> dx) dA+ (o) hP dz.
G(n\) G(Xo)

We estimate the right hand side in three parts. Similarly as in the degenerate case,
we first apply Fubini’s theorem and end up with

(6.19)

o0

€ AH*H/ R dzdA +(A0)8/ hP dz
G(nA) G(Mo)

Ao
h/n o
cs/ / NTHPTaRd g dz +(>\0)5/ hP dz (6.20)
G(nXo) Y Ao
ce

G(Xo)

h6+Pn¢i*}7*5 dz +C(/\O)€/ hP dz,

< —
_E+P—Q£m@ G(nXo)

where we also dropped a negative term on the right hand side and used the fact
that \g > h in G(??)\()) \ G()\())

Let us now estimate the lateral boundary term in (6.19). We utilize Fubini’s
theorem and obtain

: / A / P dzd = / ((9/n)° — (o)) P d=
Ao G(nA) G(nXo)

< c/ ngrE dz.
G(nXo)

To estimate the initial boundary term in (6.19), we divide the term into two parts
and apply Fubini’s theorem as well as Holder’s inequality. It follows that

- 2/2.
g/ P / IV (z,0)]* dz dA
Ao G(nN)
2/2,—1
< / Vol 0) da
G(nXo)

Ve (2,0)|/n )
/ / X Vp(z,0)[* dAda
G(nho) I\

0

(6.21)

(6.22)

e o

e ([ s

(2+¢)/(24+¢)
G(nXo) >
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Now we are ready to collect the estimates. We combine (6.20), (6.21), and (6.22)
with (6.19). Then we choose £ > 0 small enough to absorb the term containing
hPT¢ into the left hand side and get

/ RPedz < c(No)® / hPdz + c/ g'tedz
G(Xo) G(nXo) G(nXo)

+ CRQE/(Q*-‘:-E) / |V(p($70) 2. +e dz
G(nXo)

><2+s>/<2*+s> (6.23)

Notice that if the term we would like to absorb is infinite, then we can replace h
by hy = min{h, k}, k > Ao similarly as in the degenerate case.

Since h < Ag in (Qo N 1) \ G(XA), estimate (6.23) extends to the whole of
Qr g2 NQr. Indeed,

/ hPTEdz < ()\0)5/ hPdz + / hPTE dz
Qg r2NQr (QoNQ7)\G(Xo) G(Xo)

< c()\o)e/ hPdz + c/ gPtedz
QoNQr QoNQr
+ cR%/(2++2) ( / Vo (x,0)
BN

Next we divide the estimate by |Qo| and apply the definition of h(z). Since Qg g2
lies far away from the boundary of Qo = Q4r,(4r)2, there exists ¢ > 0, independent
of R, such that

(2+e)/(2«+¢)
2.+e d:c) )

1 i Ao)
— VulPTe dz < ¢(ho) / |Vul|? dz
|QO| QR,R?ﬂQT |Q0| QoNQr
¢ p+e c 2.+e (e)/@ete)
+ gPedz + | == |Vo(z,0) dz :
Qol Jonar |Bol JBone

Next we take the cut-off level into account. Remember that either
)\0 =1 or )\0 = /\6

The first case is clear. Moreover, if Ay = A}, then Young’s inequality and the
definition of A} leads to

; ‘VU|P+E dz < (C (f + gp> dz) e
|QR,R2| Qp.r2NQr ~ \Qol Jgynar
. . , (24¢)/ (2 4e)
+ —/ gPtedz + <B |Ve(xz,0)]* ¢ dx) .
|QO| QoNQr | 0‘ BoN
This finishes the proof. O
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